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Abstract
This article introduces the weighted mixed Liu estimator for linear measurement error models. Addition-
ally, the analysis incorporates stochastic linear restrictions along with the presence of multicollinearity.
The proposed estimator facilitates the allocation of varying weights to the auxiliary information in rela-
tion to sample information. The asymptotic properties of the resultant estimator are established, and the
efficacy of various estimators is assessed utilizing the mean squared error matrix criterion. A simulation
study and numerical example are provided to assess the theoretical results. The simulation results and
numerical example indicate that the proposed estimator outperforms the existing estimators.

Keywords: Weighted Mixed Liu Estimator; Measurement Error; Stochastic Linear Restrictions; Mean
Squared Error Matrix; Auxiliary Information.

1. Introduction
In a linear regression model, one of the fundamental assumptions is that all variables are free

from any measurement error. However, researchers often face difficulties in addressing measure-
ment errors that are present in observations. These errors deteriorate the optimal properties of
estimators. One significant implication of measurement errors is that the ordinary least squares es-
timator (OLSE) of the regression coefficient becomes inconsistent. It is important to acknowledge
that OLSE is considered to be the best linear unbiased estimator when there are no measurement
errors in the data. Various methodologies have been developed to tackle the difficulties presented
by measurement error (Fuller, 2009). Nakamura (1990) proposed a method to address the impact of
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measurement errors on parameter estimation by correcting the score function. This methodology
enables both inference and parameter estimation without requiring any additional assumptions.

Moreover, the general assumption is that all explanatory variables exhibit linear independence.
However, if the explanatory variables deviate from this assumption, the issue of multicollinearity
impacts the data significantly. Numerous techniques have been proposed to tackle this problem.
Biased estimators are preferred over unbiased estimators as they have a lesser mean squared error
(MSE) value. The ridge regression estimator proposed by Hoerl & Kennard (1970) is a notable ex-
ample of biased estimator. To address the limitations of the ridge estimator, Kejian (1993) presented
the Liu estimator. Kaçiranlar (2003) examined the performance of the Liu estimator in linear regres-
sion models under conditions where the homoscedasticity assumption is violated. Other researchers,
such as (Özkale, 2009; Owolabi et al., 2022; Ahmad & Aslam, 2022), and others have recommended
the use of a two-parameter estimator for improved efficiency.

An alternative approach to overcome this issue is integrating parameter estimates with sample
information, such as exact or stochastic restrictions on the unknown parameter vector, suggested
by Rao (2008). Durbin (1953), Theil (1963) and Theil & Goldberger (1992) introduced the mixed
estimator (ME) when additional stochastic linear restrictions are assumed to be held in an unknown
parameter vector. This ME remains consistent even when multicollinearity is present. It satisfies
the specified linear restrictions on regression coefficients. Additionally, it has lower variability com-
pared to the OLSE. Sarkar (1992) proposed an estimator by incorporating the ideas of both the
ridge estimator and ME. In addition, Özkale (2009) presented the stochastic restricted ridge re-
gression estimator for linear models, while Li & Yang (2010) proposed the mixed ridge estimator.
Many authors introduced different estimators by incorporating prior information for linear mixed
models, such as Yang et al. (2014) and Kuran & Özkale (2016). In contrast, Yavarizadeh et al. (2022)
proposed ridge estimation along with stochastic restriction using Nakamura’s approach for linear
mixed models (LMMs) with measurement error.

It is possible that the relative importance of auxiliary information and sample information may
vary. Therefore, the approach of weighted mixed estimation was employed to fulfill this objective.
Schaffrin & Toutenburg (1990) explored the field of weighted mixed regression. This led to the
development of the weighted mixed estimator (WME). Li & Yang (2011) combined ridge estimator
into the WME procedure and derived the weighted mixed ridge estimator (WMRE) in linear re-
gression models. The WMRE for regression coefficients in linear models with measurement errors
was proposed by Ghapani et al. (2018). The weighted ridge estimation was suggested in Yavarizadeh
& Ahmed (2022) for LMMs with measurement error while considering stochastic linear mixed re-
strictions. Inspired by this, our main objective in this paper is to derive a novel estimator known as
the weighted mixed Liu estimator (WMLE) for linear models with measurement error. The model
integrates stochastic linear restrictions when multicollinearity is present. Furthermore, the asymp-
totic properties of the proposed estimator and its superiority over the MLE and WME in terms of
the mean squared error matrix (MSEM) of estimators is theoretically analyzed.

The structure of the article is as follows: Section 2 provides a comprehensive explanation of
linear measurement error models. It also introduces the WMLE within the framework of linear
measurement error models that incorporate stochastic linear restrictions (2.1). In the subsection
2.3, we derive the asymptotic properties of the estimator, along with a comparison of WMLE to
MLE and WME using the MSEM criterion to evaluate its performance (2.4). Section 3 presents the
results and discussion of simulation findings (3.1) and numerical evaluation (3.2). Finally, Section 4
provides concluding remarks.

2. Materials and Methods
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2.1 Model Description and Estimation
We consider the linear regression model with measurement error as

y = Zβ + ϵ, ϵ ∼ (0,σ2I), (1)
X = Z + ∆, ∆ ∼ (0,Σ)

where y is an (n×1) vector of response variables and Z is an (n×p) matrix of unobservable explana-
tory variables which can be observed through X with the measurement error. The measurement
error matrix is defined as

∆ = (δ1, δ2, . . . , δn)′,

where each δi is an uncorrelated random vector with E(δi) = 0 and Var(δi) = Σ. Here, Σ is a
(p × p) known matrix with non-negative diagonal elements, and β is a (p × 1) vector of unknown
parameters. It is assumed that ϵ and ∆ are independent.

For model (1), the consistent estimator of β is given by

β̂ = (X′X – nΣ)–1X′y.

This estimator is obtained by minimizing the following expression with respect to β:

S1(β) = (y – Xβ)′(y – Xβ) – nβ′Σβ.

The consistent estimator of σ2 is given by

σ̂2 =
1
n

(y – Xβ̂)′(y – Xβ̂).

Let us consider the auxiliary information about β be in the form of independent stochastic linear
restrictions:

r = Rβ + e. (2)

Here, r is a (q × 1) observable random vector, R is a (q × p) known matrix with rank q < p, and
e is a (q × 1) error vector with E(e) = 0 and Var(e) = σ2V. The matrix V is supposed to be known
and positive definite. Further, e is assumed to be stochastically independent of ϵ and ∆.

In order to include the stochastic restrictions (2) when estimating parameters, we minimize

S2(β) = (y – Xβ)′(y – Xβ) – nβ′Σβ + (r – Rβ)′V–1(r – Rβ),

Differentiating S2(β) with respect to β and equating to zero, we obtain

β̂ME = (X′X – nΣ + R′V–1R)–1(X′y + R′V–1r)

= (S + R′V–1R)–1(X′y + R′V–1r),

where S = X′X – nΣ. Using Lemma 1 (presented in the Appendix), we can write

(S + R′V–1R)–1 = S–1 – S–1R′(V + RS–1R′)–1RS–1.

and, (
S–1 – S–1R′(V + RS–1R′)–1RS–1

)
R′V–1r = S–1R′(V + RS–1R′)–1r.

Therefore, β̂ME can be written as

β̂ME = β̂ + S–1R′(V + RS–1R′)–1(r – Rβ̂). (3)

Braz. J. Biom., v.44, e-44957, 2026. 3



Goyal et al.

To mitigate the impact of collinearity, we opt for the Liu estimator of β instead of the ridge
estimator. This choice is motivated by ability of the Liu estimator to address the limitations of the
ridge estimator within the conditions of the measurement error model.

Therefore, minimizing S3(β) = (y–Xβ)′(y–Xβ)–nβ′Σβ+(dβ̂–β)′(dβ̂–β) yields the following
Liu estimator

β̂LE(d) = (S + I)–1(X′y + dβ̂) = Fdβ̂,

where Fd = (S + I)–1(S + dI).
Now, we are considering the Liu estimator under the stochastic linear restrictions in the mea-

surement error model and substituting β̂ with β̂LE(d) in Eq.(3) to obtain mixed liu estimator,

β̂MLE(d) = β̂LE(d) + S–1R′(V + RS–1R′)–1(r – Rβ̂LE(d)
)

= (S + R′V–1R)–1(FdX
′y + R′V–1r).

The following properties are obtained:

1. If we put d = 1 then Fd becomes identity matrix which implies β̂MLE(d) = β̂ME.
2. If stochastic linear restrictions are removed then β̂MLE(d) = β̂LE.

2.2 The Weighted Mixed Liu Estimator
Drawing from the recognition that the auxiliary and the sample information are not always

equally significant, Schaffrin & Toutenburg (1990) introduced the concept of weighted mixed esti-
mation. This approach involves the allocation of various weights to both the sample and the auxiliary
information. Consequently, the WME of β for model (1) featuring stochastic linear restrictions (2)
is achieved by minimizing

S4(β) = (y – Xβ)′(y – Xβ) – nβ′Σβ + w(r – Rβ)′V–1(r – Rβ).

with respect to β. The weight, w (0 ≤ w ≤ 1), quantifies the relative significance of the auxiliary
information compared to the sample information. The calculated weighted mixed estimator of β is
given by

β̂WME(w) = (X′X + wR′V–1R – nΣ)–1(X′y + wR′V–1r).

We may write the WME as

β̂WME(w) = β̂ + wS–1R′(V + wRS–1R′)–1(r – Rβ̂). (4)

Furthermore, a novel Liu type estimator is derived by merging the LE and WME entitled as WMLE.
This will be achieved through the process of minimizing the following expression

S5(β) = (y – Xβ)′(y – Xβ) – nβ′Σβ + w (r – Rβ)′V–1(r – Rβ) + (dβ̂ – β)′(dβ̂ – β)

with respect to β. Therefore, the WMLE is given by

β̂WMLE(w, d) = (S + wR′V–1R)–1(FdX
′y + wR′V–1r). (5)

Remark. The estimator β̂WMLE simplifies to β̂LE, effectively ignoring the auxiliary information,
on substituting w = 0. On the other hand, if we choose w = 1, then β̂WMLE results into the mixed
liu estimator β̂MLE. A value of w ranging from 0 to 1 signifies that the sample is given greater
importance than the auxiliary information, while a value of w greater than 1 indicates the opposite
scenario.
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2.3 Asymptotic Properties of Estimators
It is challenging to obtain the precise distribution and finite sample properties of the estimators.

This section will focus on the asymptotic properties of the estimators. It is assumed that as the sample
size (n) approaches infinity, the limits of n–1(Z′Z + R′V–1R) and n–1(Z′Z + wR′V–1R) exist.

Theorem 1. The estimator β̂WMLE has an asymptotic normal distribution with E
(
β̂WMLE

)
= β +

M–1
w (Gd–I)Z′Zβ, and covariance matrixAVar

(
β̂WMLE

)
= M–1

w

[
GdBGd+σ2(GdZ

′ZGd+w2R′V–1R
)]
M–1

w ,

whereM(w,d) = GdZ
′Z+wR′V–1R,Mw = M(w,1) = GZ′Z+wR′V–1R, andB =

(
nσ2+β′Z′Zβ

)
Σ.

Proof. Since E(X′X) = Z′Z + nΣ, (Fung et al., 2003), we have

X′X = Z′Z + nΣ + Op(n1/2),

then, we can write

β̂WMLE = (X′X – nΣ + wR′V–1R)–1[(Gd + Op(n–1/2))X′y + wR′V–1r
]
, (6)

it follows from (5) and (6) that
√

nβ̂WMLE

= n
[
(Z′Z + wR′V–1R) + Op(n1/2)

]–1n–1/2[GdX
′y + wR′V–1r + Op(n–1/2)

]
=
[
Ip + Op(n–1/2)

]–1[n–1(Z′Z + wR′V–1R)
]–1n–1/2(GdX

′y + wR′V–1r + Op(n–1/2)
)

=
[
Ip + Op(n–1/2)

][
n–1(Z′Z + wR′V–1R)

]–1[n–1/2(GdX
′y + wR′V–1r + Op(n–1/2)

)]
(7)

Moreover, since the limit of C = n–1(Z′Z + wR′V–1R) exists, then (7) can be written as
√

nβ̂WMLE = C–1ζ + Op(n–1/2), (8)

where ζ = n–1/2(GdX′y + wR′V–1r) is asymptotically normal (Fung et al., 2003). So it follows from
E
(
GdX′y + wR′V–1r

)
= (GdZ′Z + wR′V–1R)β that

E(ζ) = n–1/2Mw,dβ.

Consequently, we have
√

n
[
β̂WMLE(w, d) – M–1

w M(w,d)β
]

= C–1(ζ – E(ζ)
)

+ Op(n–1/2)

which indicate that
√

n
[
β̂WMLE(w, d) – M–1

w M(w,d)β
]

is asymptotically normal with mean zero.
Furthermore, from (8) we have

AVar
[√

nβ̂WMLE(w, d)
]

= C–1ζC–1.

The variance of ζ can be obtained from

Var(ζ) = Ey∗
[
Var(ζ|y∗)

]
+ Vary∗

[
E(ζ|y∗)

]
= n–1Ey∗

(
Gdy

′yΣGd
)

+ n–1Vary∗
(
GdZ

′y + wR′V–1r
)

where Ey∗ and Vary∗ denote the expectation and variance with respect to the random vector y∗′ =
(y′, r′).
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Since E
(
y′y

)
= nσ2 + β′Z′Zβ and Vary∗

(
GdZ′y + wR′V–1r

)
= σ2(GdZ′ZGd + w2R′V–1R

)
,

therefore, we have

Var(ζ) = n–1(GdBGd + σ2(GdZ
′ZGd + w2R′V–1R)

)
.

Thus,

AVar
[
β̂WMLE(w, d)

]
= M–1

w
[
GdBGd + σ2(GdZ

′ZGd + w2R′V–1R)
]
M–1

w .

Corollary 1. The estimator β̂MLE(d) has an asymptotic normal distribution with E
[
β̂MLE(d)

]
= M–1Mdβ,

and covariance matrix AVar
[
β̂MLE(d)

]
= M–1

[
GdBGd + σ2(GdZ

′ZGd + R′V–1R
)]
M–1.

Corollary 2. The estimator β̂WME(w) has an asymptotic normal distribution with E
[
β̂WME(w)

]
=

M–1
w Mwβ = β, and covariance matrix AVar

[
β̂WME(w)

]
= M–1

w

[
B + σ2(Z′Z + w2R′V–1R

)]
M–1

w .

Corollary 3. The estimator β̂ME(d) has an asymptotic normal distribution with E
[
β̂ME(d)

]
= M–1Mβ =

β, and covariance matrix AVar
[
β̂ME(d)

]
= M–1(B + σ2M

)
M–1.

2.4 Comparison among biased estimators
When an estimator demonstrates bias, evaluating the performance of an estimator through the

MSEM criterion becomes a more suitable approach. In this section, we compare the WMLE to the
MLE and WME. The MSEM of the estimator β̂ in relation to β is defined in the following manner:

MSEM(β̂) = E
[
(β̂ – β)′(β̂ – β)

]
= Var(β̂) + Bias(β̂) Bias(β̂)′

where Bias(β̂) = E(β̂) - β. There is one more criterion to check the superiority of an estimator over
others, that is, using scalar mean squared error (SMSE), which is given by:

SMSE(β̂) = tr
[
MSEM(β̂)

]
= tr

[
Var(β̂)

]
+ Bias(β̂)′ Bias(β̂)

Let us suppose, we have considered two estimators β̂1 and β̂2, then the estimator β̂2 is superior to
β̂1 in the MSEM sense if and only if

∆(β̂1, β̂2) = MSEM(β̂1) – MSEM(β̂2) ≥ 0

If ∆ > 0, then β̂2 is said to be strongly superior to β̂1.
Remark. If ∆ = MSEM(β̂1) – MSEM(β̂2) ≥ 0, then SMSE(β̂1) – SMSE(β̂2) ≥ 0. The inverse

reference may not be correct. Thus, MSEM criterion is more robust than the SMSE value (Rao &
Toutenburg, 1999). Thus, it may be more appropriate to compare two estimators using the MSEM
criterion.

Now, we can write the asymptotic mean squared error matrix (AMSEM) of the estimators
β̂WMLE, β̂WME and β̂MLE as follows:

AMSEM
[
β̂WMLE(w, d)

]
= M–1

w
[
GdBGd + σ2(GdZ

′ZGd + w2R′V–1R)
]
M–1

w + bb′

6 Braz. J. Biom., v.44, e-44957, 2026.
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AMSEM
[
β̂WME(w)

]
= M–1

w
[
B + σ2(Z′Z + w2R′V–1R)

]
M–1

w

AMSEM
[
β̂MLE(d)

]
= M–1[GdBGd + σ2(GdZ

′ZGd + R′V–1R)
]
M–1 + b1b′1,

where b1 = M–1(Gd – I)Z′Zβ and b = M–1
w (Gd – I)Z′Zβ.

Theorem 2. β̂WMLE(w, d) is superior to the estimator β̂WME(w) in MSEM sense, if and only if b′H–1
1 b ≤

1.
Proof. In order to check the superiority between β̂WMLE(w, d) and β̂WME(w), we consider the
AMSEM difference:

D1 = AMSEM
[
β̂WME(w)

]
– AMSEM

[
β̂WMLE(w, d)

]
= M–1

w
[
B + σ2(Z′Z + w2R′V–1R)

]
M–1

w –

M–1
w
[
GdBGd + σ2(GdZ

′ZGd + w2R′V–1R)
]
M–1

w – bb′

= M–1
w
[
B – GdBGd + σ2(Z′Z – GdZ

′ZGd)
]
M–1

w – bb′

= H1 – bb′, (9)

where H1 = M–1
w
[
B – GdBGd + σ2(Z′Z – GdZ′ZGd)

]
M–1

w .
Now, we have to check if H1 is positive definite (p.d.) matrix. For A = Z′Z ≥ 0, there exist

some orthogonal matrix Q, such that A = Q′ΛQ, where Λ = diag(λ1, λ2, ..., λp), λi ≥ 0. Therefore,
we can compute that Z′Z –GdZ′ZGd = Q′τQ = Q′diag(γ1, ...,γp)Q, where τ =

(
Λ – (Λ + I)–1(Λ +

dI)Λ(Λ+I)–1(Λ+dI)
)
, for d ≥ 0, λi ≥ 0, so γi ≥ 0 which meansZ′Z–GdZ′ZGd ≥ 0. Furthermore,

B – GdBGd ≥ 0 and M–1
w ≥ 0. This implies that, the matrix H1 is also a p.d. matrix. Hence, using

Lemma 2, we have H1 – bb′ ≥ 0 if and only if b′H–1
1 b ≤ 1.

Thus, we may infer that the suggested β̂WMLE(w, d) estimator has the potential to outperform the
β̂WME(w) estimator under specific conditions.

It is seen that the matrix B –GdBGd is a positive definite. Therefore, by applying Lemma 2, we
may conclude that D1 is p.d. matrix if σ2(Z′Z – GdZ′ZGd – (Gd – I)Z′Zββ′(Gd – I)

)
is a positive

semi-definite matrix. By defining α = Q′β, we may express β = Qα. For this situation, we may
write the expression σ2(Z′Z –GdZ′ZGd – (Gd – I)Z′Zββ′(Gd – I)

)
= QTQ′ = Qdiag(τ1, ..., τp)Q′,

where τi = 1–d
(λi+1)2

[
(σ2λi + λ2

i α
2
i )d – λ2

i α
2
i + σ2λi(2λi + 1)

]
. For d ≤ 1 and λi, we have τ ≥ 0 if and

only if d ≥ λiα2
i –σ2(2λi+1)
σ2+λiα2

i
.

Thus, we can select a biasing parameter d within the range of
(λiα2

i –σ2(2λi+1)
σ2+λiα2

i
, 1
)
.

Theorem 3. If b′(H2 + b1b′1)b < 1, β̂WMLE(w, d) is superior to the estimator β̂MLE(d) in MSEM sense,
provided λmax

{
AVar

(
β̂WMLE(w, d)

)(
AVar(β̂MLE(d))

)–1} < 1.

Proof. To check the superiority between β̂WMLE(w, d) and β̂MLE(d), we consider the following
difference:

D2 = AMSEM
[
β̂MLE(d)

]
– AMSEM

[
β̂WMLE(w, d)

]
= H2 + b1b′1 – bb′,

whereH2 = AVar
(
β̂MLE(d)

)
–AVar

(
β̂WMLE(w, d)

)
, b1 = M–1(Gd–I)Z′Zβ and b = M–1

w (Gd–I)Z′Zβ.
As it is evident that AVar

(
β̂MLE(d)

)
> 0 and AVar

(
β̂WMLE(w, d)

)
> 0, it follows that when

λmax
{

AVar
(
β̂WMLE(w, d)

)[
AVar(β̂MLE(d))

]–1} < 1, we obtain H2 > 0 (Rao & Toutenburg, 1999).
In addition, D2 ≥ 0 if b′(H2 + b1b′1)b < 1 (Trenkler & Toutenburg, 1990).

Braz. J. Biom., v.44, e-44957, 2026. 7
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3. Results and Discussion
3.1 Simulation Study

In this section, we do a simulation study to evaluate the effectiveness of the specified estimators
using the Mean Squared Error (MSE) criterion across various parameters employed in the simulation
experiment. In order to create varying levels of collinearity, as described in McDonald & Galarneau
(1975), the explanatory variables are constructed using the following equation

zij = (1 – ρ2)
1
2 vij + ρvi,p+1 , i = 1, 2, ..., n, j = 1, 2, ..., p.

where vij are independent random numbers drawn from standard normal distribution, and ρ denotes
the correlation between explanatory variables. Three distinct correlation sets are examined based
on the values ρ = 0.80, 0.90, and 0.95. Furthermore, the independent variables are standardized to
generate the correlation matrix Z′Z. In this study, we utilize the values of p = 8 and q = 4 when the
sample size n takes on the values of either 25 or 200. The tth set of simulated data is generated in the
following manner:

yt = Zβ + ϵt,

Xt = Z + ∆t, t = 1, 2, ..., 5000,
rt = Rβ + et

where yt = (y1t,...,ynt)′, Z = (z(1), ..., z(j))′, z(j) = (z1j, ..., znj)′, j = 1, ..., p and ϵt are independent
normal (0,σ2In) pseudo-random numbers. Furthermore, rt = (r1t, ..., rqt)′, R = (R(1), ...,R(p))′,R(j) =
(R1j, ..., Rqj)′, j = 1, ..., p, and et ∼ N(0,σ2Iq). Also, we assume that Rsj ∼ N(0, 1), s = 1, ..., q, j =
1, ..., p, σ2 = 0.16 and σ2 = 0.49, ∆ ∼ MN(0, In ⊗ Σ) and Σ =(0.2Ip, 0.6Ip), where Ip is the identity
matrix of order p. The weight of auxiliary information, denoted as w, is selected as 0.4, 0.6, 0.8, and
0.1.

In this study, we utilize the vector of regression coefficients that corresponds to the largest eigen-
value of Z′Z for each set of explanatory variables. Initially, we computed estimators β̂ and Ẑ. The
formula for estimating Z is Ẑ = X + σ̂–2

f + f̂ β̂′Σ (Rasekh, 2006), where f̂i = yi - x′iβ̂ and σ̂2
f = σ̂2 +

β̂′Σβ̂. The variables are generated for each choice of ρ, w, and σ2.
The experiment was replicated 5000 times by generating new error terms. The performance of

the estimator was assessed by evaluating the estimated MSE values. The MSE is calculated using the
formula

ˆMSE(β̃) =
1

5000

5000∑
t=1

p∑
j=1

(β̃jt – βj)2

where β̃jt represents the estimate of the jth parameter in the tth replication andβ is the true parameter
value. The findings are succinctly presented in Tables 1–4.

8 Braz. J. Biom., v.44, e-44957, 2026.
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Table 1. Estimated MSE values of the estimators when sample size is 25 and Σ = 0.6I8

Σ = 0.6I8 n=25

w=1 w=0.8 w=0.6 w=0.4

ρ=0.8 σ2=0.16
MLE 1.020734 1.020364 1.02119 1.020618
WME 1.025478 1.025784 1.027013 1.027363

WMLE 1.014748 1.01633 1.019111 1.020618
ρ=0.8 σ2=0.49

MLE 1.037282 1.038861 1.037804 1.038702
WME 1.032081 1.034031 1.033846 1.035312

WMLE 1.031205 1.034695 1.03572 1.038702
ρ=0.9 σ2=0.16

MLE 1.029828 1.029452 1.03006 1.029708
WME 1.053256 1.051083 1.049872 1.048835

WMLE 1.023669 1.025576 1.02798 1.029708
ρ=0.9 σ2=0.49

MLE 1.059256 1.060249 1.055705 1.058207
WME 1.060256 1.069384 1.062781 1.06431

WMLE 1.052928 1.055975 1.053682 1.058207
ρ=0.95 σ2=0.16

MLE 1.049655 1.049427 1.049729 1.050097
WME 1.094101 1.089614 1.086041 1.084113

WMLE 1.043815 1.045587 1.047676 1.050097
ρ=0.95 σ2=0.49

MLE 0.9762794 1.084912 1.083249 1.083386
WME 0.9331777 1.10991 1.104796 1.1014

WMLE 0.9179566 1.080801 1.081163 1.083386
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Table 2. Estimated MSE values of the estimators when sample size is 200 and Σ = 0.6I8

Σ = 0.6I8 n=200

w=1 w=0.8 w=0.6 w=0.4

ρ=0.8 σ2=0.16
MLE 1.029384 1.028822 1.028522 1.028821
WME 1.030451 1.030289 1.030209 1.030714

WMLE 1.027627 1.027688 1.027946 1.028821
ρ=0.8 σ2=0.49

MLE 1.031704 1.031972 1.031421 1.031283
WME 1.031216 1.031631 1.031356 1.031459

WMLE 1.029938 1.030784 1.030833 1.031283
ρ=0.9 σ2=0.16

MLE 1.017865 1.017845 1.01814 1.017889
WME 1.020625 1.020563 1.020892 1.020703

WMLE 1.016261 1.016768 1.017602 1.017889
ρ=0.9 σ2=0.49

MLE 1.02137 1.021896 1.021518 1.022098
WME 1.021816 1.022498 1.022137 1.022781

WMLE 1.019692 1.020812 1.02099 1.022098
ρ=0.95 σ2=0.16

MLE 1.02425 1.024047 1.023843 1.024476
WME 1.028844 1.02847 1.028076 1.028521

WMLE 1.023043 1.022721 1.023362 1.024476
ρ=0.95 σ2=0.49

MLE 1.029202 1.030348 1.02919 1.029239
WME 1.031268 1.032202 1.030779 1.030689

WMLE 1.027703 1.029349 1.028665 1.030689
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Table 3. Estimated MSE values of the estimators when sample size is 25 and Σ = 0.2I8

Σ = 0.2I8 n=25

w=1 w=0.8 w=0.6 w=0.4

ρ=0.8 σ2=0.16
MLE 1.009667 1.052974 1.002869 1.003332
WME 0.969992 0.967226 0.981287 1.003922

WMLE 0.957275 1.063893 0.990630 1.003332
ρ=0.8 σ2=0.49

MLE 1.024978 1.060059 1.011679 1.10259
WME 0.978816 0.970484 0.985234 1.09922

WMLE 0.961892 1.035163 0.998072 1.10259
ρ=0.9 σ2=0.16

MLE 0.973106 0.970578 0.971714 0.973432
WME 0.937451 0.946752 0.950754 0.974498

WMLE 0.927060 0.936791 0.959611 0.973432
ρ=0.9 σ2=0.49

MLE 1.012021 0.984547 0.984538 0.979070
WME 0.957628 0.941881 0.955906 0.977257

WMLE 0.932255 0.957983 0.970575 0.979070
ρ=0.95 σ2=0.16

MLE 0.962802 0.956534 0.958363 1.005703
WME 0.957628 0.932685 0.937208 1.006905

WMLE 0.932255 0.921860 0.945659 1.005703
ρ=0.95 σ2=0.49

MLE 0.976279 0.970949 0.964862 1.12496
WME 0.933177 0.943583 1.126072 0.940604

WMLE 0.917956 0.928321 0.952165 1.12496
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Table 4. Estimated MSE values of the estimators when sample size is 200 and Σ = 0.2I8

Σ = 0.2I8 n=200

w=1 w=0.8 w=0.6 w=0.4

ρ=0.8 σ2=0.16
MLE 0.956257 0.955708 0.956033 0.955753
WME 0.950697 0.952208 0.954353 0.956138

WMLE 0.950445 0.951902 0.954112 0.955753
ρ=0.8 σ2=0.49

MLE 0.95744 0.957703 0.957790 1.10259
WME 0.951337 0.953399 0.955338 0.957394

WMLE 0.951642 0.953843 0.955844 0.957684
ρ=0.9 σ2=0.16

MLE 0.929153 0.929328 0.929179 0.929268
WME 0.924235 0.925992 0.927621 0.929632

WMLE 0.923944 0.929268 0.927433 0.925770
ρ=0.9 σ2=0.49

MLE 0.931195 0.930594 0.931145 0.930944
WME 0.925921 0.9270708 0.928951 0.930720

WMLE 0.925455 0.926725 0.929319 0.930944
ρ=0.95 σ2=0.16

MLE 0.915426 0.916126 0.915756 0.915732
WME 0.910945 0.912865 0.914311 0.916094

WMLE 0.910500 0.912728 0.914047 0.914160
ρ=0.95 σ2=0.49

MLE 0.917433 0.917348 0.917668 0.917724
WME 0.912399 0.913721 0.915628 0.917511

WMLE 0.912171 0.913930 0.915943 0.917724

It is observed in the Table 1 that as σ2 increases from 0.16 to 0.49, MSE increases in all the six
cases. But it is not same when ρ = 0.95 and w = 0.4. When correlation coefficient increases, there is
increase in the values of MSE in all the considered cases. In case of σ2 = 0.16, ρ = 0.90 and ρ = 0.95,
MSE of β̂WME(w) increases with increase in weight and decreases in other cases.

For Table 2, it is noticed that value of MSE increases when σ2 increases from 0.16 to 0.49. The
MSE value drops almost in every instance when we change the value of ρ from 0.80 to 0.90 or 0.80
to 0.95. An observation is made that the MSE values of β̂WME(w) do not follow a fixed pattern
when ρ = 0.95. In some cases, they are growing, while in other cases, they are shrinking. The
β̂WMLE(w, d) values, on the other hand, drop in every instance with different weights.

Table 3 and Table 4 depicts that MSE values of β̂WME(w) and β̂WMLE(w, d) decreases with
increase in weight essentially in every instance. There is a drop in MSE for all of the scenarios
that were considered when the correlation coefficient increases. Additionally, MSE values exhibits
negative correlation with sample size (n), indicating that as n increases, the MSE value of all three
estimators decreases.

In the process of comparing Table 1 with Table 2 under various circumstances, we have observed
that the MSE reduces for different weights as the sample size grows. The exceptions to this rule are
when ρ = 0.8 and σ2 = 0.16, as well as when ρ = 0.95 and σ2 = 0.49. It is generally true that the
MSE increases in each table when the weights are decreased. There is a reduction in MSE when
the value of Σ goes from 0.6I8 to 0.2I8.
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The lowest MSE value is observed when ρ = 0.95, σ2 = 0.49, Σ = 0.2I8 and n = 200 while the
highest value occurs when ρ = 0.90, σ2 = 0.49, Σ = 0.6I8 and n = 25. Overall, the proposed estimator
β̂WMLE(w, d) is shown to be superior to both the estimators β̂MLE(d) and β̂WME(w).
By reorganizing and clarifying these observations, the analysis becomes more comprehensible, ef-
fectively highlighting the trends and relationships within the data.

3.2 Health Club Data
We use the health club data provided in Chatterjee & Hadi (2009) to demonstrate our theoretical

results. The data set is derived from the health records of 30 employees of a company’s health club.
The variables that have been measured are:
Y = time (in seconds) in a one-mile run,
X1 = weight in pounds,
X2 = resting pulse rate per minute,
X3 = arm and leg strength (number of pounds an employee was able to lift),
X4 = time (in seconds) in a I/4-mile ma1 run.

It was recognized that the observed values were rounded to the nearest whole number, sug-
gesting the presence of measurement error in the dataset. Therefore, it may be inferred that the
measurement errors conform to a uniform distribution spanning from -0.5 to 0.5 and exhibit a co-
variance matrix of errors Σ = diag( 1

12 , 1
12 , 1

12 , 1
12 ). Zhao et al. (1994) and Ghapani & Babadi (2022)

have also utilized this dataset. In this dataset, the response variable is represented by a vector y with
dimensions of 30 × 1, and the regression matrix X has dimensions of 30 × 4. The eigen values
of X′X are obtained as λ1 = 2422304.5099, λ2 = 10444.4942, λ3 = 5075.3011, and λ4 = 991.6948.
To evaluate the extent of multicollinearity, we compute the condition number using the following
formula:

N =

√
λ1
λ4

= 49.42.

The condition number value suggests a moderate to strong association within the data set. In ac-
cordance with the information provided in Ghapani & Babadi (2022), we have chosen the identical
components of y and X as r and R, respectively. Additionally, we have the option to select the re-
maining components of the y vector and the corresponding components of the X matrix as r and R,
respectively. Next, we employ a linear measurement error model with stochastic linear restrictions
to get the estimates of parameters. We substitute the unknown model parameters with the relevant
estimators in the corresponding theoretical expression to obtain the estimated MSE values and esti-
mated eigenvalue of D. Table 5 reveals a moderate correlation among the variables, suggesting the
existence of multicollinearity. There is a strong link between variable X1 and other variables.

Table 5. Correlations among variables of health club data

y X1 X2 X3 X4

y 1 0.7989 0.5011 0.4446 0.8480
X1 0.7989 1 0.4199 0.7365 0.6431
X2 0.5011 0.4199 1 0.0603 0.5388
X3 0.4446 0.7365 0.0603 1 0.4001
X4 0.8480 0.6431 0.5388 0.4001 1
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The estimated MSE values of the specified estimators for various values of weights are presented
in Table 6. The estimator β̂WMLE(w, d) has a lower estimated MSE value compared to the estimators
β̂MLE(d) and β̂WME(w). Furthermore, it is apparent that as the values of w increase, the estimated
MSE values of β̂WME(w) and β̂WMLE(w, d) decrease.

Table 6. Estimated MSE values of different estimators

WME MLE WMLE

w = 0.4 18232.54 18154.35 18132.66
w = 0.6 18024.32 18154.35 17913.45
w = 0.8 17845.16 18154.35 17468.23
w = 1.0 17453.71 18154.35 173162.03

Table 7. Estimated eigenvalues of D

λ1 λ2 λ3 λ4

w = 0.4 21.6832 0.00119 0.0000156 0.0000000155
w = 0.6 20.84236 0.0023425 0.0005691 0.00000428
w = 0.8 17.5415 0.0004689 0.00007834 0.00000192
w = 1.0 15.1238 0.000123 0.00009235 0.00000843

Table 8. Values of b′H–1
1 b for different weights

w 0.4 0.6 0.8 1

b′H–1b 0.0002145 0.0001768 0.00008636 0.0003940

Table 9. Values of b′(H2 + b1b1)b for different weights

w 0.4 0.6 0.8 1

b′(H2 + b1b1)b 0.00005771 0.000096532 0.000038541 0.000026424
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Figure 1. Estimated MSE values of the Estimators.

Table 7 shows that all the estimated eigenvalues of D are consistently positive for various values
of w. The statement suggests that the difference AMSEM

[
β̂WME(w)

]
– AMSEM

[
β̂WMLE(w, d)

]
is positive definite. Moreover, in all instances, we have the inequality b′H–1

1 b ≤ 1 as depicted
in Table 8. This result demonstrates that the estimator β̂WMLE(w, d) is superior to the estimated
coefficient β̂WME(w) in terms of MSEM sense, which aligns with the theoretical result stated in
Theorem 2. In Table 9, it is observed that the criterion b′(H2 + b1b1)b < 1 is satisfied for various
weights. This implies that the estimated coefficient β̂WMLE(w, d) is superior to the estimated coef-
ficient β̂MLE(w) in the sense of the MSEM which is in accordance with the theoretical result given
in Theorem 3. For the purpose of graphically evaluating the superiority, a graph is constructed be-
tween the estimated MSE values and various weights. In addition, we have observed that the MSE
value of WMLE is reduced in comparison to the values of WME and MLE. Therefore, it can be
demonstrated graphically as well that the proposed estimator is superior to the other two estimators
mentioned.

4. Conclusions
This article proposes the weighted mixed Liu estimator, denoted as β̂WMLE(w, d), for estimating

the vector of parameters in a linear measurement error model. The assumption is made that the
parameter vector is subject to stochastic linear restrictions. We conducted a thorough analysis of
the performance of the WMLE compared to the WME and MLE. Our analysis showed that the
WMLE performs better than the WME and MLE based on the MSEM criterion, but only under
specified conditions. In conclusion, a simulation study and a numerical example were performed
to demonstrate the efficacy of the suggested estimator. The use of graphical representation is also
mentioned in order to provide more clarification regarding superiority of the estimators. Moreover,
the numerical dataset revealed that when the value of w increases, the MSE values of the WMLE
and WME decrease. This implies that acquiring additional dependent prior knowledge enables a
more accurate estimation of the parameters.
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For future work, one can consider weighted mixed Liu estimator for linear mixed measurement
error model.
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Appendix

Lemma 1. Assume that square matrices A and C are not singular and B and D are matrices with proper
orders. Then (A + BCD)–1 = A–1 – A–1B(C–1 + DA–1B)–1DA–1 Rao & Toutenburg (1999).

Lemma 2. Farebrother (2001): Let M be a positive definite matrix, namely namely M ≥ 0, α be some
vector, then M – αα′ ≥ 0 if and only if α′M–1α ≤ 1.
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