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Abstract

It is significant in survey sampling that the population mean is estimated with the highest possible accuracy. A new
memory-type exponential-ratio estimator is defined and its performance under simple random sampling (SRS) is
evaluated in this research. The proposed estimator is shown to utilize past auxiliary information very effectively which
results in a significantly lower mean square error (MSE) than other existing estimators. Based on theoretical derivations
and genuine datasets, the proposed estimator was tested, and it was found to continually outperform traditional ratio-
type estimators. Empirical results, including those from the comparisons of precision relative efficiency (PRE), confirm
its superiority using reduced variance and increased efficiency. The results obtained indicate that the use of memory
type modifications in exponential-ratio estimators enables the attainment of more accurate estimates of the population
mean in sample surveys.

Keywords: Simple random sampling; Mean square error; Auxiliary variable; Exponential-ratio estimator; Memory-type estimator;
Survey sampling.
Mathematics Subject Classification (2020): 62D05, 62G0S5.

1. Introduction

In statistical inference, particularly with estimating parameters of a population with the least
amount of error, survey sampling is of importance. The precision of estimations is achieved
through the integration of auxiliary information, hence ratio-type estimators are common within
use. An example of advancement in this area would be the inventing of the so-called memory type
estimators, which improved estimation of population parameters by recalling information from
previous samples. Previously, the idea of memory-type estimator was posited to increase the
efficacy of conventional estimators by using older auxiliary information. (Cochran, 1940) and
(Srivastava, 1967) is credited with aiding the advancement of auxiliary information in sample
surveys, which introduced modifications like exponential-ratio estimators (Bahl & Tuteja, 1991).
(Murthy, 1964), (Sisodia and Dwivedi, 1981), (Kadilar and Cingi, 2003 & 2004), (Singh et al.
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2004), (Shabbir and Gupta, 2007), (Singh et al., 2008), (Yadav et al., 2015), (Zaman et al., 2021),
(Zaman et al., 2022), (Irfan et al., 2022), (Riyaz et al., 2022), (Saini et al., 2022), (Kumar et al.,
2023) and (Saini et al., 2024) have participated in covering means to lighten the mean squared
error through more estimators using auxiliary information and variable since. The goal of this
research is to offer better approaches to help with advanced memory-type properties of simple
random sampling in a broad, refined, weighted exponential-ratio estimator. Ratio estimators have
shown great accuracy in the use of auxiliary variables. The incorporation of memory-type features
into exponential-ratio types can exceptionally reduce estimation errors and improve precision.

By using past and current information, (Robert, 1959) used very first time EWMA statistic
which is also called memory type statistic in control chart test under simple random sampling,
which inspire the author (Muhammad Noor-ul-Amin, 2019) to proposed memory type ratio and
product estimator using simple random sampling scheme. This paper describes a new memory-
type exponential-ratio estimator, based on previous works of (Muhammad Noor-ul-Amin, 2019),
and it assesses performance theoretically. The derivation of the estimator and its comparison with
classical estimators prove its superiority in reducing MSE and improving efficiency. A real dataset
is used to test its effectiveness, where estimates from this new memory-type exponential-ratio
estimator are compared with those from other existing estimators. The rest of the paper is
organized as follows: Existing estimators and their properties are reviewed in Section 2. The
proposed estimator is introduced in section 3 with theoretical properties in Section 4. In Section 5
Numerical illustration from real data is provided. Results are discussed in Section 7, and
conclusions with key findings and implications for future research are also given in same.

2. Material, methods & existing estimators
Let N be the finite population with selecting sample size n using SRSWOR. Let y be the study

variable and x be the auxiliary variable with sample mean of y and X respectively. Let y = %

— n Xi . . ZN— Yi v ZN— Xi
and x = % both are corresponding to the population mean Y = % and X = %
respectively.

We define the following error terms in order to obtain the bias and MSE of the suggested
estimators up to the first order of approximation in SRS.
37 such that,

E(ey) =E(ex) =0;
E(e?) =19(2/1TA)C§; E(e?) = (2 AA)C,%,

A
Eeyex) = ﬁ(z—a)cyx;
1 1

Where,C,, = C,C.;9=|———|;
ere, Lyx Pyx Ly Ly n N

N N N
Sz =;Z(y-—7)2 SZ =L2(x-—)?)2 and S =;Z(y-—7)(x-—)?).
y N_l.l i » Ox N_1.1 i yx N_1.1 i i

1= 1= 1=

We may use a range of existing estimators, such as the unbiased estimator, ratio estimator, and
exponential estimator for population mean to estimate the performance of our suggested estimator
in simple random sampling. These estimators are represented as follows.

The population mean estimate (Unbiased estimator) of the study variable that is most

b
'|><|

Lete, = Y and ey =
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frequently utilized is provided by,

—~

=y

n
2
- n
=1

An unbiased estimator of population mean, sample mean is provided up to the first order of
approximation by,

Yo
’Y\O ==

MSE (Y,) = 9Y2C2 (1)

n ., _ S

S R
Where, 9 =—=,f =, (; =

The definition of the ratio estimator for population mean estimation is given by (Cochran,

1940), i
-2 (2

The bias and MSE are given below,
Bias(?cr) = 197[69% — (G p]
MSE(Y,,) = 9Y?[C2 + CZ — 2pC, Cy | (2)
When the study and the auxiliary variable have a negative association, (Murthy, 1964)
recommended using the product technique of estimation.

- (X
Yvu =Yy 7

Bias(Yyy) = 9Y[pC, Cy |
MSE (Vi) = 9Y2[C2 + CZ + 2pC,, Cy | (3)
In order to calculate the population mean the product exponential estimator was introduced by
(Bahl and Tuteja, 1991) and is defined as,

7 _ x—X

=yex —
pe = YEP TR
The bias and MSE to first degree of approximation are

_ _n 1
Bias(Yy,) = 9Y [EprCx — gc,f]
MSE(Y,,) = 972 [cyz +2C2 + prCx] (4)

A ratio type estimator was presented by (Bahl and Tuteja, 1991) to estimate the population

mean, which is defined as,
- _ X —x
YVie=Yyexp| =

X +Xx
The bias and MSE to first degree of approximation are

- _r3 1
Bias(Y,) = 9Y [g CcZ — Epcycx]
MSE(¥,..) = 072 |C +3C2 — pCy Cy | (5)

A population mean estimator of the ratio type was presented by (Kadilar and Cingi, 2004),

7., = <37 +b(X — x))X

X
where X and X represent the study variable's sample and population means, respectively. As a

Braz. J. Biom.,v.44, e-44862, 2026.



Jitendrakumar ef al.
biased estimator, Y;p, is defined by its bias and mean square error, up to the first order of

approximation,
- 9

Bias(Vipr ) = 5 [RE S¥]
MSE(Yyp, ) = 9[RZ2SZ + S2(1 — p?)] (6)

Where R, = )?L
(Kadilar and Cingi, 2004) proposed a ratio type estimator of population mean
Yop = <%chx)> X +Cy)
where X and X represent the study variable's sample and population means, respectively. As a
biased estimator, Y5, is defined by its bias and mean square error, up to the first order of

approximation,
Bias (?SD ) = ; [R3px S% ]
MSE (Ysp ) = 9[Rép,S% + 55 (1 — p?)] (7)
Where Rgp, = Yfo
(Kadilar and Cingi, 2004) suggested another ratio type estimator of population mean
. <y+b(X_X)>(X+,32)

sk X + P
where X and X represent the study variable's sample and population means, respectively. As a
biased estimator, Ygx is defined by its bias and mean square error, up to the first order of

approximation,
PN Y
BlaS(YSK ) = v [RéxxS7]
®)

MSE (Vs ) = 9[R%xS2 + S2(1 — p?)]

Y
Where RSKx = m
A population mean estimator of the ratio type was recommended by (Kadilar and Cingi, 2004),
~ y+b(X—x)\ -
=|————|XB, +C
where X and X represent the study variable's sample and population means, respectively. As a
biased estimator, Yyg; is defined by its bias and mean square error, up to the first order of

approximation,
)
v [R 12151x593 ]
©)

BiaS(?U51) = Y
MSE (Yys1 ) = 9[Ris1:5% + S5 (1 = p?)]

Y
Where RUSlx = m
To estimate population mean (Kadilar and Cingi, 2004) proposed a ratio type estimator of

population mean
~ y+b(X—x%)\ -
=|—/——— ) (XC
Us2 < %C. + 5, (XCx + B2)
where X and X represent the study variable's sample and population means, respectively. As a
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biased estimator, Y, is defined by its bias and mean square error, up to the first order of
approximation,

_ Y
Bias(Yys; ) = % [RGs2xS%]
MSE(Yys; ) = 9[R%52.82 + SZ (1 — p?)] (10)

Y
XCx +P2

In order to increase the efficiency of the estimators, the EWMA statistic was first utilized by
(Roberts, 1959) to combine past current data.

Y9 =27+ (1 —DZi4

where y is the mean of current sample, A is the smoothing constant, which is the weight given
to the observations. A value has range from 0 to 1 in which smaller values is indicating that we are
giving weight to the past data similarly larger value indicating weight is given to the current data.

The MSE is as follows:

Where RUSZX =

= /'l —
MSE(Y}") =9 (35) 72C3 (11)
(Muhammad 2019) used EWMA statistic which is a memory type statistic that utilized current
and past information to propose the ratio type estimator in simple random sampling.

The bias and MSE are given below,

-~ A \—
Bias(V;) = (m) Y[c2 —c.Cyp]

=~

MSE(Yrmi) =9 (ﬁ) Y2[C2 + C2 - 2pC, Cy ] (12)

3. Proposed estimator & its properties
We have created a modified version of the exponential memory type ratio estimator, inspired
by (Srivastava, 1967).
= )?_Q a
Vitop = Z exp [5re] (13)
Z and Q are the sample means of the study and auxiliary variables, respectively.
X and Y are the population means of the auxiliary and study variables.
a is a constant parameter.
Now expanding the equation (13) using Taylor series of expansion, we get
- _ X—X1+e)]”
Yo =Y (1+ —
prop = V(1 +ey) exp [X +X(1+ey)
:ICZ

ex
+ e,

’_fz;?op =Y(1+e,)exp [2

Y = Y(1+ey) ll - aze" + af a;e’%l
?z;;}op _y ll B azex a:,% N a28e,% rey— ae;eyl
Yoty =Y ll +e, — azex + a:’% + a;e’% - ae;eyl
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Take the expectation on both the sides of equation (14), we get

2
E(V,—7)=7 lE(ey) —E(e) +ZEED) + (D) -3 (exey)l

Bias(¥m —76{19/162“19/162 “o(—t e
w‘s(p“’p)_ 4 (2 ,1) tg (2 ,1) 2 (2—,1) yx

Blas(yg';op) = (2 A) 9Y [CZ ( ) - gcyx] (15)

Now squaring the equation (14) to optimize the MSE of a proposed estimator, we get

—\2 — ae aez azez ae,e 2
2 X X X xX*y
(’ﬁopx)’ley_2+4+8_zl

N2 1
(Yg’r‘op Y) =Y? [ef, + Zazef - aeyex]
Take the expectation on both the sides of above equation to derive the MSE of a proposed
estimator up to the first order of approximation, we get

2 2
E(Yp"r‘op 7) =Y? lE(ef,) + a—E(ef) — aE(eyex)l
A 1
MSE (Yjiop ) = (2 = )YZ [1962 +4a20 C2—a6pC,C ]
A
MSE (Yjiop ) = ( = 1) 9Y? [CZ +=a2C2 — apC,C ]

Now to optimize the value of a take the derivation with respect to a of MSE (Yprop(SRS))

get
d m
EMSE(YWOP) =0
d A
— 19Y2[C2 2cz — CC]} 0
da {<2 ,1) T3 “
9Y? [O + EaCf — prCx] =0
1 2
EaCx = pC, Cy
2pCy .
= =
The minimum mean square error equation to the optimal values given by,
A X7 1 * *
MSE(Viiop,.i ) = (55) 972 [C2 + 1 a2C2 — &' pC, C,| (16)

4, Theoretical comparison
The following observations will be made when we compare the suggested estimator ?g’;op with
the existing estimators covered in Sect. (2).

Observation 1: from equation (1) and (16)
MSE (Vi opmin ) < MSE (%), if and only if MSE (%) — MSE(¥itop,..) > 0,

Orif 972 [Cyz - (55) ¢ + a2z - a’*prCx” > 0.
Observation 2: from equation (2) and (16)
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MSE (Y opnin ) < MSE (¥,,). if and only if MSE (¥.,) — MSE(Ygfop,..) > 0.

orif  972|(CZ +C2 —2pCy G ) — (35) (€2 +3a"2C2 —a'pCyCy )| > 0.

Observation 3: from equation (3) and (16)
MSE (Y opmin ) < MSE (Yagy,), if and only if MSE (Vai,) — MSE (Viopin ) > 0-

orif  972|(CZ +C2 +2pCy G ) — (55) (G2 +3a"2C2 —a'pCyCy )| > 0.

Observation 4: from equation (4) and (16)

MSE (Y opnin ) < MSE (Yoe). if and only if MSE (¥pe) — MSE (Viop,in ) > 0.
orif  972|(C +1C% +pCyC,) — (55) (€3 +2a2CE — a’pCyC,)| > 0.

Observation 5: from equation (5) and (16)
MSE (Y opnin ) < MSE (¥y). if and only if MSE (Yye) — MSE (Vop,. ) > 0.

orif oY2|(CZ +3C% - pCyCy) — (55) (€2 +5a2CE — a’pCyCy )| > 0.

Observation 6: from equation (6) and (16)
MSE (Y opnin ) < MSE (Yip,). if and only if MSE (%yp,) — MSE(Ygfop,..) > 0.

PTOPmin

Orif O{RSZ +53(1-p?) —V?(55)|CZ +3a"2CE —a'pCyCy} > 0.

Observation 7: from equation (7) and (16)

MSE(?ﬁopmin) < MSE (Ysp), if and only if MSE (¥sp) — MSE (Vjiop,.in ) > 0.

Orif 0 {R%, % +53(1—p?) -7 (ﬁ) [c§ +2a"2CE — a*prCx]} > 0.

Observation 8: from equation (8) and (16)
MSE (Vi opnin ) < MSE (¥ei). if and only if MSE (V) — MSE(¥iop,... ) > 0.

PTOPmin

Orif O {R3S2 +53(1—p?) —V? () [C2 +2a2cE —a'pCyCi]} > 0.

Observation 9: from equation (9) and (16)
MSE (Vi opmin ) < MSE (Vys1). if and only if MSE (Pys1) — MSE (Yifop,..) > 0.

DPTOPmin

Orif 0 {R3s1S2 +53(1—p?) = V2 (5)[C2 +2a2CE — a*pCyCi} > 0.

Observation 10: from equation (10) and (16)
MSE (Vi opnin) < MSE (Yys;). if and only if MSE (¥ys;) — MSE (Y

PTOPmin PTODPmin

)>o.
Orif  9{R3s,S2 +53(1—p») =72 () [c2 +2ac2 — apC,cy]} > 0.

Observation 11: from equation (11) and (16)
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MSE(Viopmin ) < MSE (Y3).if and only it MSE (V") — MSE(YiFop,.i) > 0.

PTOPmin

orif ¥ (%) 7? {arpC,C—2a?c2} > 0.

Observation 12: from equation (12) and (16)
MSE (Y opnin ) < MSE(Y%,). if and only if MSE(Y%,; ) — MSE(Ygfop,..) > 0.

PTOPmin
Orif {(;7)&72 |2 —2a2CZ + a’pCyC, — 2pC, Cx]} > 0.

5. Numerical illustration

In this part, we are using data from (Kadilar and Cingi, 2003) for simple random sampling in
this case, we have only considered data from the Aegean Region of Turkey. We used the data on
apple production quantity (as the variate of interest) and number of apple trees (as the auxiliary
variate) in 106 villages in the Aegean Region in 1999 (Source: Institute of Statistics, Republic of
Turkey) to apply our suggested and other ratio estimators. The MSE of ratio estimators is
calculated using these data, as explained in Table 2, and the MSE values of these estimators are
compared to one another. In Table 3 PRE values of estimators also given.

The population data are displayed in Table 1. Considering the 86% correlation between the
variables, we use a sample size of n = 20.

Table 1. Population

N =106 C,=5622 S, =11551.53 R=0.08
N=20 C?=27.25 S,? =133437845.34 Rsp=0.08
Y =2212.59 Ci=2.1 p =0.86 Rsk=0.08
Y? = 4895554.51 Cl=4.41 p?=0.74 Rus1=0.002
X =27421.7 Sx =57460 S,x =568176176.1 Rus2=0.04
X? = 751949630.89 S,? = 3301651600 a=0.35 a?=0.12
©=004 Bax) = 34.57

Table 2. MSE Comparison of proposed estimator and existing estimators

s 5411348.28
Ter 2542740.30
Paru 10031548.73
Poe 7502499.45
Pre 3758095.23
Pipr 2281806.68
Yoo 2281806.68
Pox 2279646.31
Pus1 2256293.30
Pus2 2285052.26
7 773049.75
2 1803782.76
24 3246808.97
A 363248.61
e 847580.10
v 1525644.18
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ym 201302.16
prol’l 0.25
ym 469705.03
PTOZ’A 0.50
ym 845469.06
PTOZ’A 0.75
ym 1409115.09
PTOp=1
MSE comparison of real population
12000000,00
10000000,00
8000000,00
6000000,00
4000000,00
2000000,00
0700 I I I I | I I = | I p - | I
QLS e «e w%c%%s%%u%»
R {Q‘ @ ‘{Q {Q*k 4 { 2 %/Q% /Q{\ /Q{], /Q{o /Q(\ /Qq) /Q(:J /Q{\ Q 4
(\}/(\,}/(\,}’ ,®/ .®/ '\'}’/Q/Q/&/ ‘o
*@' *@ {{0 .(& '§® ,(& ’Q&O .QO &0 ,&Q
RN RS

Figure 1. MSE Comparison of proposed estimator and existing estimators.

Here A is representing the smoothing constant in proposed estimator which determines the
weight assigned to different observations. The larger value of 4 giving more weight to recent data
while a smaller value of 1 giving more weight to the past data. A is having range from 0 to 1. We
calculated the MSE for the different values of A to check the efficiency of the proposed estimator.
In Table 2 and Figure 1 the results are clearly indicates that the proposed estimator yields the
lowest MSE for all values of 4, even at the stage we are considering A = 1, where the proposed
estimator reduces to standard form, it still maintains the lowest MSE compared to all existing
estimators which is further validating the robustness and efficiency of the proposed estimator in

population mean estimation.

Table 3. PRE Comparison of proposed estimator and existing estimators

?, 100.00
7., 212.82
P 53.94
Ve 72.13
7., 143.99
Pipr 237.15
Yop 237.15
Pk 237.38
Py 239.83
Yusz 236.82
ggg 700.00
2 300.00
fz’ﬁ‘:m 166.68
i 1489.71
AR 638.45
e 354.69
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ym 2688.17
PTOPA 0.25

pm 1152.07
PTOZ’A 0.50

pm 640.04
pTOPl 0.75
pm 384.03

PTroppr=1

PRE comparison of real population

3000,0000
2500,0000
2000,0000
1500,0000
1000,0000
500,0000 I I I
00000 - . s - u . . . . . I I I
© 18 o F KIS P B SO (P D (O P S 2
e m&&xxx DS
Ny Ny Ny
4 g Sy

Figure 2. PRE Comparison of proposed estimator and existing estimators.

6. Simulated Data

In this section, we conduct a simulation study to support the theoretical results obtained for the
proposed estimator under simple random sampling. A finite population of size N=1000 is generated
from a bivariate normal distribution for the study variable Y and the auxiliary variable X using R studio.
The population is generated with given means, variances, and correlation between Y and X, so that the
structure of the data is like real survey situations. The main population characteristics used in the
simulation are reported in Table 4 below.

Table 4. Simulated Population

N =106 C, =025 S,=9.2 R =0.67
N =20 C/2=0.06 S)? =84.62 Rsp=0.67
Y =37.54 Cx=0.2 p=07 Rsk=0.66
Y2 = 1409 C.2=0.05 p?=0.48 Ruys1=-1.23
X =56.41 Sx=11.95 Syx=76.41 Rus2=3.29
X2=3182.11 Sx2 =142.85 a=0.6 a?=0.36
©0=0.04 Bax =-0.54

Table 5. MSE comparison of simulated population

A 3.43
7., 1.87
P 10.12
Pe 6.14
7. 2.01
Pips 4.34
Tsn 4.34
Pex 4.32
st 4.38
P52 4.59

10 Braz. J. Biom., v.44, e-44862, 2026.
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24 0.49
1?;;:0 . 1.14
2 2.06
rm 0.27
’?r’rrhu:o.so 0.62
A 1.12
AU 0.25
?pr;”l‘)pl:o.so 0.59
}:’p"rlopho;s 1.06
AU 1.77

MSE comparison of simulated data

12,00
10,00
8,00
6,00

4,00 | I
11111
0,00 I l I - | I oy - | - | |

© ¢ Q@ @ e o F o PPN PPN PP

4 4

Q&/D\q&/\/ q(((‘/ ((\é(\’\}' 6\@(\’\}‘ (éﬁ(\’\v Q@& QKO&\ QKOQ (QQ
AENEENIERES
Figure 3. MSE comparison of simulated data.
Table 6. PRE comparison of simulated population

1 100.00
7., 183.24
Y 33.91
Yo 55.94
P 170.65
Yipr 79.09
Yop 79.09
Yok 79.44
Pys1 78.44
Yus2 74.77
{z’;‘ms 700.00
{z’;‘:oso 300.00
AYZ’QLO - 166.67

{r’;;limzs 1282.69
{r"%u:o.so 549.73
fr”%u:m 305.40

{,Z%m:o_zs 1354.03
Ypropazoso 580.30
Yy opizors 322.39
Yoropaea 193.43
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PRE comparison of simulated data

2000,00
1500,00
1000,00 I
500,00 I I
0,00 - | Ty e | — - - - - I | I l I .
W© 1S W@ @ Q& © & © G QDA OO N
T AT R GG T ST 9V 00 58 9V 8% SV gV o7 N &
P AT I IFITLSSTISS
& o o g g ® g (©F O O
<\

Figure 4. PRE comparison of simulated data.

7. Discussion

In this article we aim to proposed an estimator which has lowest mean square error to provide
suitable inference. We worked on modified exponential ratio type estimator using simple random
sampling. The mean square error of the proposed improved exponential-ratio estimator was
evaluated using real and simulated data sets under simple random sampling. The result
demonstrated that the estimator consistently shows lower MSE compared to existing estimators
as shown in Table 2 for the real data and Table 5 for the simulated data set. Similarly, PRE shown
in Table 3 for the real data and Table 6 for the simulated data set. Theoretically it is outperforming
traditional methods, especially in simple random sampling from where it is efficiently leveraging
auxiliary information. Overall, the proposed estimator provides more precise and efficient solution
for population mean estimate which proving it superior to existing alternatives in certain
conditions. Future research can be extended to more complex sampling designs like stratified,
systematic and two stage sampling schemes in proposing the estimators using multi auxiliary
variable or attributes.
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  𝜗  {   R  x   2   S  x   2 +   S  y   2  ( 1 −   𝜌 2 ) −     Y -   2  (   𝜆  2 − 𝜆 )  [   C  y 2 +  1 4   𝛼  ∗ 2   C  x 2 −   𝛼 ∗ 𝜌   C  y   C  x ] } > 0


  M S E  (       Y - ^  p r o   p  m i n  m ) < M S E    (     Y ^  S D )


  M S E    (     Y ^  S D ) − M S E  (       Y - ^  p r o   p  m i n  m ) > 0


  𝜗  {   R  S D x   2   S  x   2 +   S  y   2  ( 1 −   𝜌 2 ) −     Y -   2  (   𝜆  2 − 𝜆 )  [   C  y 2 +  1 4   𝛼  ∗ 2   C  x 2 −   𝛼 ∗ 𝜌   C  y   C  x ] } > 0


  M S E  (       Y - ^  p r o   p  m i n  m ) < M S E    (     Y ^  S K )


  M S E    (     Y ^  S K ) − M S E  (       Y - ^  p r o   p  m i n  m ) > 0


  𝜗  {   R  S K x   2   S  x   2 +   S  y   2  ( 1 −   𝜌 2 ) −     Y -   2  (   𝜆  2 − 𝜆 )  [   C  y 2 +  1 4   𝛼  ∗ 2   C  x 2 −   𝛼 ∗ 𝜌   C  y   C  x ] } > 0


  M S E  (       Y - ^  p r o   p  m i n  m ) < M S E    (     Y ^  U S 1 )


  M S E    (     Y ^  U S 1 ) − M S E  (       Y - ^  p r o   p  m i n  m ) > 0


  𝜗  {   R  U S 1 x   2   S  x   2 +   S  y   2  ( 1 −   𝜌 2 ) −     Y -   2  (   𝜆  2 − 𝜆 )  [   C  y 2 +  1 4   𝛼  ∗ 2   C  x 2 −   𝛼 ∗ 𝜌   C  y   C  x ] } > 0


  M S E  (       Y - ^  p r o   p  m i n  m ) < M S E    (     Y ^  U S 2 )


  M S E    (     Y ^  U S 2 ) − M S E  (       Y - ^  p r o   p  m i n  m ) > 0


  𝜗  {   R  U S 2 x   2   S  x   2 +   S  y   2  ( 1 −   𝜌 2 ) −     Y -   2  (   𝜆  2 − 𝜆 )  [   C  y 2 +  1 4   𝛼  ∗ 2   C  x 2 −   𝛼 ∗ 𝜌   C  y   C  x ] } > 0


  M S E  (       Y - ^  p r o   p  m i n  m ) < M S E    (       Y - ^  Z  m )


  M S E    (       Y - ^  Z  m ) − M S E  (       Y - ^  p r o   p  m i n  m ) > 0


  𝜗  (   𝜆  2 − 𝜆 )     Y -   2  {   𝛼 ∗ 𝜌   C  y   C  x −  1 4   𝛼  ∗ 2   C  x 2 } > 0


  M S E  (       Y - ^  p r o   p  m i n  m ) < M S E  (       Y - ^  r m i  m )


  M S E  (       Y - ^  r m i  m ) − M S E  (       Y - ^  p r o   p  m i n  m ) > 0


   {  (   𝜆  2 − 𝜆 ) 𝜗     Y -   2  [   C  x   2 −  1 4   𝛼  ∗ 2   C  x 2 +   𝛼 ∗ 𝜌   C  y   C  x − 2 𝜌   C  y     C  x   ] } > 0
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