Brazilian Journal of Biometrics,44, 1-20 (2026)
doi:10.28951/bjb.v44i1.823

BRAZILIAN JOURNAL OF

BIOM2.TRICS

SSN:2764-5290

ARTICLE

Two Echelon Supply Chain Model with lead time and effect of
carbon emission under fuzzy environment:

@ Shivraj Singh!, ®Anjali Gaur?, ®Dhavendra Singh? and ®Dipti Singh'*,

1Department of Mathematics, Chaudhary Charan Singh University, Meerut, Uttar Pradesh, India.
2Hariom Saraswati PG College, Dhananauri, Haridwar, India.
3Department of Mechanical Engineering, Chaudhary Charan Singh University, Meerut, Uttar Pradesh, India.

*Corresponding author. Email: singhdiptil 13@gmail.com

(Received: December 22, 2024; Revised: January 16, 2026; Accepted: January 30, 2026; Published: February 13, 2026)
Section Editor: Jodo Domingos Scalon

Abstract

Carbon emission has become a major challenge everywhere, such as in the production process, holding items, deteriorating items,
waste disposal, and transporting items. Two warehouses are a realistic approach in inventory modeling. Inflation and lead time play
a key role in making this study closer to reality. Uncertainty is also a very realistic approach for any organization. In this study, we
developed a supply chain model in which there is one retailer and one supplier. The retailer holds its inventory in two warehouses.
Our objective is to find the optimal total cost, cycle length, and supplier's lead time. In this study, we calculate the total cost in three
different ways: first, for the crisp model; second, for the fuzzy model using the signed distance method; and third, using the graded
mean integration method. We carried out the numerical solution using the software MATHEMATICA 12.0. From numerical
illustration, we find that the total cost is minimum for the fuzzy model using the graded mean integration method. Sensitivity analysis
is carried out to see the behavior of different parameters on the total cost.

Keywords: Carbon Emission, Lead Time, Two Warehouse, Inflation, Triangular Fuzzy Number.

1. Introduction & Literature Review

In today's business scenario, uncertainty is everywhere. In inventory modeling, uncertainty is
present in holding costs, ordering costs, deterioration costs, shortage costs, etc. Due to uncertainty, the
fuzzy concept is used in the proposed model. Deterioration is defined as the decay or deterioration of
an object. Ghare and Schrader (1963) were the first to study the effect of deterioration. Ghare and
Schrader's work was extended by Covert and Philip (1973). They introduced the concept of time-
dependent deterioration. Park (1987) proposed the first fuzzy economic order quantity model. They
assessed the impact of several techniques on obtaining the EOQ model. Yao and Lee (1999) discovered
that the total cost after defuzzification (DFZ) is slightly greater than in the crisp model. In inventory
modeling, some researchers have employed fuzzy ideas. Dutta et al. (2005), Jaggi et al. (2013) worked
in the field of fuzzy environment. Sonia et al. (2016) and Priyan and Manivannan (2017), among others,
have contributed to this field. Shee and Tripti (2020) formulated a fuzzy two-echelon supply chain
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model. They found in this study that when the signed distance method of defuzzification is utilized, the
total cost and cycle duration are minimal. They also used the concept of variable holding cost.

Nayak et al. (2020) developed a fuzzy inventory model that also considers permissible delay
in payment. Kumar and Paikray (2022) formulated a cost optimization inventory model that considers
deteriorating items under a fuzzy environment. Carbon emission is becoming a major problem all over
the world. The temperature of the earth is increasing day by day due to carbon emissions, which harms
the environment. In today's business scenario, uncertainty is everywhere. In inventory modeling,
uncertainty is present in holding costs, ordering costs, deterioration costs, shortage costs, etc. Due to
uncertainty, the fuzzy concept is used in the proposed model. Deterioration is defined as the decay or
deterioration of an object. Ghare and Schrader (1963) were the first to study the effect of deterioration.

Ghare and Schrader's work was extended by Covert and Philip (1973). They introduced the
concept of time-dependent deterioration. Park (1987) proposed the first fuzzy economic order quantity
model. They assessed the impact of several techniques on obtaining the EOQ model. Yao and Lee
(1999) discovered that the total cost after defuzzification (DFZ) is slightly greater than in the crisp
model. In inventory modeling, some researchers have employed fuzzy ideas. Dutta et al. (2005), Jaggi
et al. (2013) worked in the field of fuzzy environment. Sonia et al. (2016) and Priyan and Manivannan
(2017), among others, have contributed to this field. Shee and Tripti (2020) formulated a fuzzy two-
echelon supply chain model. They found in this study that when the signed distance method of
defuzzification is utilized, the total cost and cycle duration are minimal. They also used the concept of
variable holding cost. Nayak et al. (2020) developed a fuzzy inventory model that also considers
permissible delay in payment. Kumar and Paikray (2022) formulated a cost optimization inventory
model that considers deteriorating items under a fuzzy environment. Carbon emission is becoming a
major problem all over the world. The temperature of the earth is increasing day by day due to carbon
emissions, which harms the environment. In today's business scenario, uncertainty is everywhere. In
inventory modeling, uncertainty is present in holding costs, ordering costs, deterioration costs, shortage
costs, etc. Due to uncertainty, the fuzzy concept is used in the proposed model.

Deterioration is defined as the decay or deterioration of an object. Ghare and Schrader (1963)
were the first to study the effect of deterioration. Ghare and Schrader's work was extended by Covert
and Philip (1973). They introduced the concept of time-dependent deterioration. Park (1987) proposed
the first fuzzy economic order quantity model. They assessed the impact of several techniques on
obtaining the EOQ model. Yao and Lee (1999) discovered that the total cost after defuzzification (DFZ)
is slightly greater than in the crisp model. In inventory modeling, some researchers have employed
fuzzy ideas. Dutta et al. (2005), Jaggi et al. (2013) worked in the field of fuzzy environment. Sonia et
al. (2016) and Priyan and Manivannan (2017), among others, have contributed to this field. Shee and
Tripti (2020) formulated a fuzzy two-echelon supply chain model. They found in this study that when
the signed distance method of defuzzification is utilized, the total cost and cycle duration are minimal.

They also used the concept of variable holding cost. Nayak et al. (2020) developed a fuzzy
inventory model that also considers permissible delay in payment. Kumar and Paikray (2022)
formulated a cost optimization inventory model that considers deteriorating items under a fuzzy
environment. Carbon emission is becoming a major problem all over the world. The temperature of the
earth is increasing day by day due to carbon emissions, which harms the environment.
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Figure 1. Pictorial Representation of Literature Review.

2. Assumptions and Notations
Assumptions made in this paper is as follows:
2.1 Assumptions

1. Lead time is a decision variable.

il. Emission is considered in holding inventory, deteriorating items, ordering cost, and setup
cost.

iii. The model is developed in a fuzzy environment.

iv. The retailer uses a two-warehouse facility.

V. Holding cost is time-varying for both the retailer and the supplier.

Vi. Inflation is also allowed.

vii.  Demand is exponentially increasing with time.

viii.  Deterioration is time-dependent.
iX. Shortage is allowed for the retailer.

Braz. J. Biom., v.44, e-44823,2026.



Singh et al.

2.2 Notations

Notations Explanation Notations Explanations

D) =aé’ Time varying Demand rate 01t Time dependent deterioration rate

which is increasing with time in rented warehouse.

0 Order quantity Ot Time dependent deterioration rate
in own warehouse.

w Capacity of Own warehouse H,1) Retailer holding cost which
increasing with time t, where H,(2)
= Cp?" where Co and n are constant
and Co, n >2.

o-w Capacity of Rented warechouse  H, Fuzzy holding cost per unit for the
retailer

Enr Cost of Carbon emission due to  Hj(?) Supplier holding cost per unit

holding items for retailer where Hy(t) =H; +H>t and H;, H>>
0

Hy(t) Fuzzy Holding cost per unit for ~ Ejs Cost of Carbon emission due to

supplier holding items for suppliers

Iro Retailer’s inventory level in Irr Retailer’s inventory level in rented

own warehouse at any time t warehouse at any time t
I Supplier’s inventory level at any C; Retailer’s shortage cost per unit.
time t

C, Fuzzy shortage cost per unit for > Setup cost per each order for

retailer. retailer

Eq Cost of carbon emission dueto  C, Fuzzy setup cost per each order for

setup cost for retailer retailer

Cs Setup cost per each order for Cs Fuzzy setup cost per each order for

supplier. supplier.

Egs Cost of Carbon emission due to  Cy Deterioration cost per unit for

setup cost for supplier. retailer

C, Fuzzy deterioration cost per unit  Eg, Cost of carbon emission for

for retailer. deteriorating items for retailer

Cs Deterioration cost per unit for Cs Fuzzy deterioration cost per unit for

supplier supplier

Eus Cost of carbon emission for r Rate of inflation

deteriorating items for supplier
T Order cycle time L Lead time of supplier
e Total cost of supply chain. TC Fuzzy total cost of supply chain

3. Mathematical Modeling

In this supply chain, we have a single retailer and a single supplier. When the retailer's inventory
becomes zero, he orders from the supplier immediately. The supplier always delivers the order after a lead

time L. So, in that time,

a shortage occurs for the retailer.

3.1 Mathematical Modeling for Retailer’s

The retailer's initial inventory level is Q, in which W items are held in the own warehouse and Q-W
items are held in the rented warehouse. At first, demand is fulfilled from the rented warehouse and after that
from the own warehouse. Here, the inventory level depletes due to demand and deterioration. The solution of

4
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the governing differential equation describes the inventory level from 0 to ti, t; to T-L and T-L to T with
boundary conditions t =0, Iro(0) = Q-W, Ir(0)= W, t = t1, Ir(t1) = 0,Iro(t1) =W-Wo,, Iro (T-L)=0,
Iro(T) =-B is given by

Ie () = a[(t; — ©) + b(tl 2) 4 el(ti'tg)]e_ez—ltz 0<t<t (1)
I (£) = We ™2 0<t<t 2)
Iro(®) = a [T — ¢+ XED=0) 4 0o 3" H<t<T-L 3)
ro@® =alT -+ B T-L<t<T )

Inventory level

Figure 2. Describing the behavior of Retailer Inventory level.

Where B is stock out inventory and is given by
b(T?+L?-2LT)

B=a[T—t+f] (%)
From using Continuity from equation (2) &(3) we obtain the value of W
b %]
W=al((T = 1) = t,) + 2[(T = L)? = 2] + Z[(T - L)* — ] (©)
Inventory costs for retailer’s are given as below
Cost of ordering = C>+Ej (7)
Holding Cost = (Cy + Ep)[ f t"e "L, (H)dt + f t"e "y, (t)dt + f t"e‘”IRo(t)dt]
rent? B 0,tT+3 ¢+2 pt+3 g, T+ B
HC=(Co + Epr)[W [(n+1) (n+2) 2(n+3)] [(n+1)(n+2) (n+D)n+3) | 2(n+1)(n+4)
t{l+3 bt?+4 91tn+5 ] . ﬁ t?'H' bt;l+5 91tn+6 ] (T L)n+2 _
(n+2)(n+3)  @M+2)(n+4) 2(n+2)(n+5) (n+3)(n+4) (M+3)(n+5) 2(n+3)(n+6) (n+1)(n+2)
(T L)tn+1 t{l+2 b(T—L)n+3 QZ(T—L)n+4 _ [ (T—L)n+3 b(T L)n+4- 9 (T L)n+5
(n+1) (n+2) (n+1)(n+3) 2(n+1)(n+4) (n+2)(n+3) (n+2)(n+4) 2(n+2)(n+5)
ﬁ (T_L)n+4 b(T_L)Tl+5 BZ(T_L)TL+6 ] (8
(n+3)(n+4)  (+3)(n+5)  2(n+3)(n+6) )

Braz. J. Biom., v.44, e-44823,2026. 5
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Shortage cost = —C; fTT_L e "y, (t)dt

S L L= P o Y =l ol S C . P o
6 8 2 3 2 ( 2) 4 3 2 2
b(mn3 2, (T-L?3\] _ Brr? Br(T-L)2
2 (13 =121 - )| - R - R(T - 1) + 2 9)
6 7
Deterioration ~ Cost = (C4 + Eg-)[aB; l + bi + == gltl — + btl + 9;21] 91 + b;: + %]l +
2 3 3 4 —_71)5 —_7)2+2 —71)3+3

0, W [%1_%_ Gztl] 4 92[(7 L? _ (1= L)t1 L d +b(T iDL GZ(ZOL) _b[T L) tf _%] _@[(T L3
) (r-D* (108 | i b(T—L)5 b (T—L)Zt1 _ GZ(T -L)° 6, [(T- L)3t1 ] (T-1)°
5) rl 12 s Tt 2[ 3 ]+ [ 6] 0 40

_ 4 5 _7)\6 _1)24+4 6 —_1\7 _1\3+4 7
T 2t gl ] a0t e ] o
Average total Cost for retailer is given by
TC(T, L)= % [Ordering cost +Holding Cost +Deterioration Cost + Shortage Cost]

_l t{H-l _ Tt{H.Z 92tn+3 ti’l+2 bt;]’_l+3 91t?+4 _
TC(T.L)= [(Co + Enp) W [(n+1) (n+2)  2(n+3) (n+1)(n+2) = (+D@+3) | 2(n+1)(n+4)
t{t+3 btf+4 91tn+5 ]_ﬁ t{l+4— bt{H—S 91Cn+6 ] (T L)n+2 _

(n+2)(n+3) @M+2)(n+4) 2(n+2)(n+5) (n+3)(n+4) (M+3)(n+5) 2(n+3)(n+6) (n+1)(n+2)
(T—L)tiH'l tiH'Z b(T—L)n+3 QZ(T—L)n+4 _ [ (T—L)n+3 b(T_L)n+4- 92(T—L)n+5] _

(n+1) (n+2) M+1)(M+3) 2(n+1)(n+4) (n+2)(n+3) M+2)(n+4) 2(n+2)(n+5)

(T—L)n+4 b(T—L)n+5 92(T—L)n+6
(n+3)(n+4) (n+3)(n+5) 2(n+3)(n+6)

3 4 —1)2 —71)3
l+ C[BT +ar [=+ 2 - T 20

S(TZ(TZ—L)Z _ (T—4L)4) 4 [bgﬁ LT 7 o L) S(TS _ 72 _ (T-BL)S)] _ BTZTZ —R(T—-1L) +

Brr-1) P Y T S YA R4
2 ]+(C4+Ed’")[aell = T 20 TR 2ot 2 T e | T
0. W [ﬁ g eztl] + ab,[ (T-1)3  (T-L)t} n t} n b(T-L)* n 6:(T-L)° b [(T—L)zt% _ ﬁ] _
2 2 3 2l 6 2 3 8 20 2 2 4

%[w_i)_

(r-n)* (-0t} |t} n b(T-L)> b [(T—L)th _ i] n 0,(T-L)° 6, [(T-L)3tF i] _
6 2 5 2

+
12 3 4 15 3 5 36 6 3 6

+ C2+ Esr] (11)

+21+
8 12 112 8

0 (T-1)° (=Dt} | t§ | b(T-L)° b [(T—L)Zt‘f _ i] n 62(T-L)7 6, [(T—L)3t‘1* _ i]
21 40 8 10 48 2 6

3.2 Mathematical Modeling for supplier’s

The supplier's inventory cycle starts at time t = 0, and the initial inventory level is Q. The inventory
level decreases due to the joint effect of demand and deterioration. At time T-L, the supplier's inventory level
becomes zero. The solution for the governing differential equation describes the inventory level with the
boundary conditions: =0, I(0)=0Q, and at t= T-L, I\(T-L)=0

N3 ot2
1) = al((r - 1) — ¢) + AT ATV S g<i<TL (12)

6 Braz. J. Biom.,v.44, e-44823, 2026.
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Inventory Level

A

B =

Figure 3. Describing the behavior of inventory level for supplier’s.

And Order quantity is given by

0 = a[(T — L) + 2E 4 20 (13)

Inventory cost for supplier’s is given by
Setup Cost = C3+Ess (14)

Holding Cost= [ (hy + hyt + Eps)e "t I4(t)

_ (T-L)? . b(T-L)® . 6(T-L)* (T-L)3 . b(T-L)* . 6(T-L)® 6 [(T-L)* b(T-L)5 & 6(T-L)°®

=(hy + Ens) l > t—3 T—g§ r[ s T8 T ] =z T 5 T ]l +
(T-L)} . b(T-L)* . 6(T-L)° (T-L)*  b(T-L)> . 6(T-L)°® 6 (T-L)5  b(T-L)® = 6(T-L)

hpal 6 + 8 + 20 |12 + 15 + 36 ] 2l 20 t=% T 56 ]] (15)

Deterioration cost = fOT_L(Cs + Ego) e T (b)dt

—7)3 _1)4 _ 7135 Y Y e
:(Cs‘l‘Eds)[(T L) +b(T L) +9(T L) _r[(T L) _l_b(T L) +9(T L)]_

s 6 8 20 12 15 36
— _7\6 0 —_1\7
O[T=)° | b(r-1)° | 6(r-L) ]]
2 20 24 56

(16)

Therefore, the supplier’s average total cost in cycle time T is
TCs(T, L) = % [Setup Cost + Holding Cost + Deterioration Cost]

1 (T-L)? | b(T-L)3 , 6(T-L)* (T-L)3 . b(T-L)* , 6(T-L)®
TCs(T, L) :; [(h1 + Ehs) I 2 + 3 + P —-7T [ P + P + 20 ] -

—1)4 —_71)5 _71\6
8 [-L)* | bT-1)® | 6(T-1) ” tha
2 12 15 36

—1)3 —_1)4 —71)5 —_1)4 —71)5 _71)6
l(r L? | b=t | T-1)° _ [-1)* | bT-1)° | 6(T-L) ] B
8 20 12 15 36

Braz. J. Biom., v.44, e-44823,2026. 7
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—_71)5 _7\6 S AY/ 3 S AY] A Y] R AY] A Y]
8 [-1)* | bT-1)° , 6(r-1) ” F G4 Ee t (Cot Ep) I(T L? | b=t | (T-1)° _ [r-1)* | bT-1)° |
2l 20 24 56 8 20 12 15
6(T-L)° 6 [(T-L)> b(T-L)® 6(T-L)
36 ]_E 20 T2 T s ]l] (17)
Therefore, the total
TC(T, L, t1) =TC: (T, L, t1)+TCs(T, L)
1 rt{l+2 B 0,tn+3 ¢n+2 A R B
TC(T.L, tl)_ [(CO + Enp)[W [( +1)  (n+2) 2(n+3) (m+D)(n+2) = +DM+3) | 2(n+D)(n+4)
t{l+3 bt]T}+4- 91tn+5 ] _ ﬁ t?+4 bt;l+5 91tn+6 ] (T L)n+2
r (n+2)(n+3) @M+2)(n+4) 2(n+2)(n+5) (n+3)(n+4) (M+3)(n+5) 2(n+3)(n+6) (n+1)(n+2)
(T L)tn+1 t111+2 b(T—L)n+3 GZ(T—L)n+4 _ [ (T—L)n+3 b(T—L)n'H' 9 (T L)n+5] _
(n+1) n+2) M+1)(n+3)  2(n+1)(n+4) (n+2)(n+3) @M+2)(n+4) 2(n+2)(n+5)

(A (T_L)Tl+4 b(T_L)Tl+5 QZ(T_L)Tl+6
(n+3)(n+4)  (+3)(n+5)  2(n+3)(n+6)

2(m_ 12 _7)4 3 2 3
E(T(TL)_(TL))_a[bL___i_LT_l_(TL) 2(T3—T2 (TL)] TT? _R(T—1L)+
2 2 4 3 2 3

3 4 —71)2 —71)3
]l+ CuBT +ar[C+ 2 T 20

btf . 0.t bty 6 0.t b 0
O] 4 Gyt Bty [+ 24 2 [t 2 2] ey ]|+

(T-1)*  (1-L)t} n t} n b(T-L)* n 62(T-L)° b [(T-L)*t] i] _
6 2 3 8 20 2 2 4

0, [(T-L)3t} ti’)

(T-L)*  (r-D)t} | tf  b(T-L)° b [(T—L)th _ i] N 02(T-1)¢ 6, [(T-L)3t] Q] _
5 2

+2 4+
12 3 4 15 3 5 36 6 3 6

+ C2+Es +

(T-L)° (r-L)t} | 8 | b(T-L)°* b [(T—L)Zt;* _ i] 02(T-1)" 6, [(T—L)3t§ _ i]
92[ 40 8 +10+ 48 2 8 12+ 112 6 8

[(T -L)?2  b(T-L)3 " 6(T-L)* — [(T—L)3 n b(T-L)* n 6(T—L)5] _g (T-L)* n b(T-L)" n G(T—L)G]l n

[(hy + Ens) + 3 8 6 8 20 12 15 36

+
20 24 56

—71)3 —_1)4 _1)5 —_1)4 _1)5 _1)6 _1)5 _71)6 —1Y7
hzal(T D? | ba-Dt | 0-L)® (-1 | b(T-D° | 6T L)]_Q(T L) 4 br-L , o L)”+C3+
6 8 20 12 15 36 2

ESs + (CS + Eds)

+
20 24

3 _1)4 —71)5 —_1)4 —71)5 —1)6 —7)5 —1)6
l(r S | b=t | 6oL =Lt p(T-L)S | 6(T-L) ] _0[=Ls | parone
8 20 12 15 36 2

56

““y]l (18)

Fuzzy Model for Supply chain

In this paper we use triangular fuzzy number to fuzzified the parameters Co, C1, Cz, C3, C4, Cs, hy,
h2, Ens, Esr, Eds, Ess, Enr, Edr,
Let Co = (X0, Y0, Zo)> Cl = (X1, Y1, 21), Cz = (X2,Y2,22), Cs (x3,¥3,23), C4 = (X4, Yar Z4), Cs =
(x5, ¥s, Zs5), h1 = (ay, a3, az), hz = (B1, B2, P3), Ehs = (Y1, Y2, ¥3) Ehr = (aq, by, ¢1),
EF; = (az, by, ¢3), EFgr = (as, b3, c3), Eﬂ'svs = (a4, by, C4), EF';s = (as, bs, Cs)

8 Braz. J. Biom.,v.44, e-44823, 2026.
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Then the total average cost for fuzzy supply chain model

1
TC =2 [(Co+ Eny)R+CiS+ (Co + E) + (Co + Egp)U + (hy + Eng)X + hyY + (G5 + Eyy)
+ (Cs + E45)Z]

Where:
R = [W g+l B rent? B th{l“] ¢+ bt]+3 0, ¢t . ¢+3 e
(n+1) (+2) 2(n+3) (n+1)(n+2) M+1)(n+3)  2(n+1)(n+4) n+2)(n+3) (n+2)(n+4)
91t¥+5 _ ﬂ[ t{l+4— bt{”’s 91tn+6 (T—L)n+2 _ (T—L)t{”’l t;1+2 b(T—L)n+3
2(n+2)(n+5) (n+3)(n+4) M+3)(n+5) 2n+3)(n+6) (n+1)(n+2) (n+1) (n+2)  (M+1)(n+3)
GZ(T_L)TI+4 _ (T_L)Tl+3 b(T_L)Tl+4 9 (T L)Tl+5 ] _ (T L)Tl+4— b(T_L)n+5 GZ(T_L)TI‘I-G ]
2(n+1)(n+4) (n+2)(n+3) (n+2)(n+4) 2(n+2)(n+5) (n+3)(n+4) (n+3)(n+5)  2(n+3)(n+6)

3 4 _71)2 —71)3 2(7_7)2 4 3 2
S:[BT+CIT[T +b%_T(T2L) (T3L) _S(T (T2 L) (T L)) [bi___l_LT_l_(T L)

b (3 2 (T-L)3 BrT? Br(T—-L)?
2(r3 -2 - )| - B - R - 1) +

_ PR P Y O Y (IR S R4 [t o
U [aelle 8+20 12+15+36 2 20+24+56 +0,W 2 3 8 +

—7)3 _ 2 3 . AY] i AY:] _1)2+2 4 _1)3+3 5 —_71)4 _ 3
AL 1 O B 2\ 2 L (G P 7 R S 2L ST
tf | b(T-L)°  b[(T-L)*t] i] 62(T-L)° 6, [(T-L)3t7 ﬁ] _ (T-1)°  (T-L)t} | t§ | b(T-L)°
s T 2 3 7 L, 6 3 6 0> 40 e T107

12

g[(T—L)Zti‘_ﬁ] 4 82217 6, [(T-L)t] ti]l]
112 6 8 14

—71)2 —7)3 —_71)4 —71)3 —_71)4 _1)5 —_1)4 _1)5 —_71)6
< - l(r L? | b(r-1)* | 6(r-1) —r[(T L? | b(T-1)* | 6(r-1) ]_g (T-1)* | bT-1)° | 6(r-1) ]I
2 3 8 8 20 2 12 15

v -(T—L)3 n b(T-L)* n 6(T-L)3 _ [(T—L)4 n b(T-L)3 n G(T—L)G] 6 [(T—L)5 n b(T-L)® n 9(T—L)7]-
6 8 20 12 15 36 2L 20 24 56

Z:-(T—L)3 n b(T-L)* n 0(T-1)° _ (T-L)* n b(T-L)° n 6(T—L)6] 6 (T-L)5>  b(T-L)® n 9(T—L)7]-
6 8 20 12 15 36 2L 20 24 56

The fuzzy total cost is given by

TC = (TC,, TC,,TCs)

TC, = %[(xo + a;)R + xS + (x4 + a))U + (x5, + az) + (ag + y1)X + B1Y + (x3 + a3) + (x5 + as) Z]
TG, = %[(YO +b)R+y1S+ (Ya+ by)U + (y2 + by) + (az +¥2)X + BoY + (y3 + b3) + (¥5 + bs) Z]

TC; = %[(20 + )R+ 2S5+ (24 + c)U + (2, + ¢3) + (ag +y3)X + B3Y + (23 + ¢3) + (25 + ¢s5) Z]
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We find the total Average fuzzy cost of supply chain by two Method

i. By Signed Distance Method
1
TCs = 1 [TCy + 2TC, + TC5]

1
TCS = ﬁ [[(XO + al) + Z(yo + bl) + (ZO + Cl)R + (x1 + 2y1 + Zl)S

+ [(cq +ay) + 2(vs + by) + (24 + c)IU + [(x; + az) + 2(y, + by) + (2, + Cz)]
+ [(a1 +v1) + 2(az +v2) + (a5 + y)IX + [B1 + 2B, + B5]Y
+ [(x3 + a3) + 2(y3 + b3) + (z3 + c3)] + [(x5 + as) + 2(ys + bs) + (25 + ¢5)1Z]

ii. By Graded Mean Integration Method

1

TC—1
S TAT

[(xo + a1) + 2(yo + b1) + (20 + )R + (x1 + 2y, + 2,)S
+ [(xg +ag) + 2(vs + ba) + (za + c)]U + [(x2 + az) + 2(y2 + by) + (23 + Cz)]
+ [(a1 +v1) + 2(az +v2) + (a5 + y)IX + [B1 + 2B, + B5]Y

+[(x3 + az) + 2(y3 + b3) + (23 + c3)] + [(x5 + as) + 2(ys + bs) + (25 + ¢5)]Z]

4, Algorithm to solve the Mathematical Model

The total cost equation has three independent variables, L, t;, and T, according to the suggested

model. The following processes are used to optimize the total cost equation and determine the values of all

the independent parameters.

. . o . . aTC 9TC aTC
Step. 1 Determine the first-order partial derivative for each independent variable. FTRETR and rr
1

Step.2 Equates the first order partial derivatives to zero and solve the value of L, ti, and T

Step.3 Now calculate the second-order partial derivatives w.r.t. all the independent variable like

9%TC 0°TC and 92%TC
oLz ' aT2 ot?
Step.4

10 Braz. J. Biom., v.44, e-44823, 2026.
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Now, form a Hessian matrix as follows

0°TC  0°TC 0°TC)
alz2  dLdt, OLAT
0°TC 9?TC 9°*TC
ot, 0L  at? 0t 0T
0°TC  9°TC 9*TC
dtdL  oTat, OJT? .

Step.5

Find Hi, H2 and H3, where Hi, Hz, and H3 denote the first principal minor, second principal minor and third
principal minor respectively. If det (H1)>, 0, det (H2)>0 and det (H3)>0, then the matrix is positive definite
matrix, and TC is called convex function.

5. Numerical Illustration

We carried out the Numerical illustration by using the software MATHEMATICA 12.0. Based on
the previous research these parameters are taken in appropriate unit are as follows

For crisp Model

01=0.02, 02=0.01, r =0,1, a =40, b=0.5, n=2, Co=2, C1=8, C>=100, C4=5, Cs=7, C3=200, h;=2, h,=0.2, Es,=
0.01, Enr =0.10, Ear=1, Ess= 1.101, Ens =1.010, Egs = 1.01

We get TC =275.909, T =1.88082, L= 0.591262, t; = 0.017014

For Fuzzy Model

By signed distance Method

C, = (1,2,3), ¢, =(789), C, = (95, 100,105), C; = (195,200,205), C, = (4,5,6), Cs = (6,7,8),
h; = (0.1,0.2,0.3), h, = (0.05, 0.1,0.15), 06;=0.02, 62 = 0.01, r =0,1, a =40, b=0.5, n=2, E,, =
(1,1.010,1.020) , E,. = (0.009,0.01,0.11) , E, =(0.9,1,1.1) , Eg = (0.009,0.01,0.011) , Eg =
(1,1.101,1.102), Ez = (1,1.010,1.02)

We get TC =234.328, L=10.521217, T=1.99532, t;= 0.620019

By Graded Mean Integration Method

Co=(1,2,3), C =(789), C, = (95, 100,105), C; = (195,200,205), C, = (4,5,6), Cs = (6,7,8),
h; = (0.1,0.2,0.3) , h, = (0.05, 0.1,0.15), 06;=0.02, 6 = 0.01, r =0,1, a =40, b=0.5, n=2, F,, =
(1,1.010,1.020) , E,. = (0.009,0.01,0.11) , E, =(0.9,1,1.1) , Eg = (0.009,0.01,0.011) , Eg =
(1,1.101,1.102), Egz = (1,1.010,1.02)

We get TC =221.282, L= 0.501281, T=2.0442, t;= 0.6494
From this we find the optimal solution for fuzzy model by graded Mean integration Method.
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6. Convexity for Crisp Model/ Fuzzy Model

Lead Timeil;

=0
Cycle TimeiTs

Figure 4. Convexity of Crisp Model.

400 1.0

200

2.0
Cycle Time:T:

Figure 5. Convexity for Fuzzy Model (By Signed Distance Method).

400 10
200
Lead Tirme{lL:

2.0
Cycle TimeT:

a0 0.4

Figure 6. Convexity for Fuzzy Model by Graded Mean Distance Method.
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7. Sensitivity Analysis

The sensitivity is carried out by the variation of different parameters r, b, a, n, 0, taking
variation in on parameter and keeping all other parameter fixed. Now we find the sensitivity of the optimal
total cost to changes in the values of different parameters of model.

Figure 7. Impact of a on TC for Crisp Model.

Figure 8. Impact of a on TC, (Fuzzy Model).

Figure 9. Impact of a on TCg (Fuzzy Model).
230

225

220
210
38 40 42

a

TCG

44

Figure 10. Impact of r on TC.
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Figure 11. Impact of r on TCjs,

Figure 12. Impact of r on TCq.

Figure 13. Impact of b on TC.

Figure 14. Impact of b on TC;,

14
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Figure 15. Impact of b on TCq.

Figure 16. Impact of n on TC.

Figure 17. Impact of n on TCs,

Figure 18. Impact of n on TCq.
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Table 2.1 Sensitivity Analysis

Parameters ~ Change  Crisp Model Fuzzy Model by Signed Fuzzy Model by Graded Mean

Value Distance Method Integration method
T L TC T L TC; T L TCq

a 38 1.91722  0.6042 270.015 2.0280 0.534 230.066 2.0764 0.514 217.495
40 1.88082 0.5912 275909 1.9953 0.521 234328  2.0442 0.501 221.282
42 1.84671 0.5792 281.652 1.9646 0.509 238.468 2.014 0.490 224.955
44 1.81466 0.5679 287.254 1.9358 0.498 242.497  1.9856 0.479 228.523

b 0.3 2.13432 0.6988 252931 22324 0.632 214.804 2.2834 0.614 202.736
0.5 1.88082 0.5913 275909 19953 0.521 234328  2.0442 0.501 221.282
0.7 1.7255 0.5286 294.176 1.8480 0.456 249.638  1.8964 0.435 235.669
0.9 1.61529 0.4890 309.684 1.7426 0.412 262.518 1.7908 0.391 247.688

r 0.08 1.84341 0.5793 280.36 1.9536  0.505 239.033  1.99973 0.4831 226.08
0.1 1.88082 0.5913 275909 1.9953 0.521 234.328  2.0442 0.50120 221.282
0.12 1.92146  0.604 271271 2.0408 0.538 229.383  2.09276 0.5203 216.218
0.14 1.96587 0.617 266.427 2.0907 0.556 224167 2.14622 0.5404 210.852

n 2 1.88082 0.5913 275909 1.9953 0.521 234.328  2.0442 0.5013 221.282
3 1.87892 0.5887 274381 19604 0.516 231.577 1.99336 0.4971 219.025
4 1.8735 0.5876  273.638 1.9262 0.515 230.725  1.94809 0.4962 218.674
5 1.86616  0.5872 273.263 1.8955 0.515 230.679  1.90979 0.4965 219.079

0 0.001 1.88168 0.5912 275.814 1.9963 0.5210 234.199 2.04521 0.5010 221.137

0.002 1.88082 0.5913 275909 19953 0.5212 234328 2.0442 0.5012 221.282
0.003 1.87996 0.5914 276.003 1.9944 0.5214 234457 2.04318 0.5014 221.426
0.004 1.87911 0.5916 276.097 1.9935 0.5216 234.585 Negative 0.967 Negative

8. Observations
The following observations are based on sensitivity analysis:

1. It is observed that on increasing the parameters a and b, the total cost increases for both crisp and fuzzy
models. Whereas, on increasing these two parameters, the cycle length and lead time decrease. Also, we
observed that the total cost for both models is moderately sensitive to variations in "a". On the other hand,
the total cost is highly sensitive to variations in the value of "b".

2. As the deterioration parameter increases, the total cost and lead time increase for both models, but cycle
length decreases.

3. As the parameter n increases, the total cost, lead time, and cycle length decrease.

4. As the parameter r increases, the total cost decreases, but cycle length and lead time increase.

9. Conclusion

In this study, we developed an optimal approach for a two-echelon supply chain model, focusing on
the retailer's suppliers. The retailer's merchandise is stored in two warehouses. Our objective is to determine
the optimal total cost, cycle duration, and supplier lead time. We calculate the total cost using three methods:
first, for the crisp model; second, for the fuzzy model using the signed distance method; and third, using the
Graded Mean Integration method. The numerical illustration shows that the total cost for the fuzzy model,
determined by the Graded Mean Integration method, is the lowest. This study can be further expanded to
include a stochastic model.

16 Braz. J. Biom.,v.44, e-44823, 2026.



Singh et al.
Acknowledgement

The first authors would like to thank to CCS University Meerut for providing financial help in the
form of URGC with letter no. fmo. Dev/1043 dated 29/06/22.

Data Availability
The data used to support the findings of this study are included in the article.

Conflicts of Interest
The authors declare no conflict of interest.

Author Contributions

Conceptualization: S. SINGH, D. SINGH, Data curation: Formal analysis: A. GAUR,
Investigation: S. SINGH, D. SINGH Methodology:DS Software: DS, Supervision: S. SINGH,
Validation: Visualization: Writing - original draft: D. SINGH, A. GAUR, Writing - review and
editing: D. SINGH DS, A. GAUR.

References

1. Ahmad, N., Sangal, I., Sharma K., Jaysawal, M. K., Kumar, S., Pal, S. K. and Alam, K. A green
realistic inventory model with preservation technology for deteriorating items under carbon

emission. Materials Today: Proceedings (2023). https://doi.org/10.1016/j.matpr.2023.03.017

2. Buzacott, J. A. Economic order quantities with inflation. Journal of the Operational Research

Society 26 (3) 553-558 (1957).

3. Chen, X., Benjaafar, S., and Elomri, A. The carbon-constrained EOQ. Operations Research Letters 41
(2), 172-179 (2013). https://doi.org/10.1016/j.0r1.2012.12.003

4. Covert, R. P. and Philip, G. C. An EOQ model for items with Weibull distribution deterioration. AI/E
transactions S (4), 323-326 (1973). https://doi.org/10.1080/05695557308974918

5. Digiesi, S., Mossa, G, and Mummolo, G. Supply lead time uncertainty in a sustainable order quantity
inventory model. Management and Production Engineering Review 4 (4), 15-27 (2013).
https://doi.org/10.2478/mper-2013-0034

6. Dutta, Pankaj, Debjani Chakraborty, and Akhil R. Roy. A single-period inventory model with fuzzy
random variable demand. Mathematical and computer modelling 41 (8-9) 915-922 (2005).

7. Garg, Garima, Sanjay Singh, and Vinita Singh. A two warehouse inventory model for perishable items
with ramp type demand and partial backlogging. International journal of engineering research &

technology (IJERT) 9 (6), 1504-1521 (2020).

Braz. J. Biom., v.44, e-44823,2026. 17


https://doi.org/10.1016/j.matpr.2023.03.017
https://doi.org/10.1016/j.orl.2012.12.003
https://doi.org/10.1080/05695557308974918
https://doi.org/10.2478/mper-2013-0034

Singh et al.
8. Ghare , P. M., and G. F. Schrader . A Model for Exponentially Decaying Inventory. Journal of

Industrial Engineering , 14 (5), 238 — 243 (1963).

9. Giri, B. C., and K. S. Chaudhuri. Deterministic models of perishable inventory with stock-dependent
demand rate and nonlinear holding cost. European Journal of Operational Research 105 (3), 467-474
(1998).

10. Jaggi, C. K., Pareek, S., Sharma, A., and Nidhi, A.. Fuzzy inventory model for deteriorating items
with time-varying demand and shortages. American Journal of Operational Research 2 (6), 81-92 (2012).

11. Kansal, M., Tuteja, A., and Kumar, V. Environmentally sustainable fuzzy inventory model for
deteriorating items for two warehouse system under inflation and backorder. Mathematical Statistician

and Engineering Applications 71 (4), 6802-6818 (2022). https://doi.org/10.17762/msea.v71i4.1273

12. Kumar, B. A., and Paikray, S. K. Cost optimization inventory model for deteriorating items with
trapezoidal demand rate under completely backlogged shortages in crisp and fuzzy environment. RAIRO-
Operations Research 56 (3), 1969-1994 (2022). https://doi.org/10.1051/r0/2022068

13. Kumar, N., Singh, S. R., and Kumari, R. Two-warehouse inventory model of deteriorating items with
three-component demand rate and time-proportional backlogging rate in fuzzy environment. International
Journal of Industrial Engineering Computations 4 (4), 587-598 (2013).
http://dx.doi.org/10.5267/].1jiec.2013.05.001

14. Lee, H. M., and Yao, J. S. Economic order quantity in fuzzy sense for inventory without backorder

model. Fuzzy sets and Systems 105 (1), 13-31 (1999).

15. Liao, C. J., and Shyu, C. H. Stochastic inventory model with controllable lead time. International
Journal of Systems Science 22 (11), 2347-2354 (1991). https://doi.org/10.1080/00207729108910796

16. Mashud, A. H., Pervin, M., Mishra, U., Daryanto, Y., Tseng, M.L., and Lim, M. K. A sustainable
inventory model with controllable carbon emissions in green-warehouse farms. Journal of Cleaner

Production 298, 126777 (2021).

17. Mishra, U., Wu, J. Z., & Sarkar, B. A sustainable production-inventory model for a controllable
carbon emissions rate under shortages. Journal of Cleaner Production, 256, 120268 (2020).
https://doi.org/10.1016/].jclepro.2020.120268

18. Mishra, V. K., Singh, L. S.,; & Kumar, R. An inventory model for deteriorating items with time-
dependent demand and time-varying holding cost under partial backlogging. Journal of Industrial

Engineering International, 9, 1-5 (2013).

18 Braz. J. Biom.,v.44, e-44823, 2026.


https://doi.org/10.17762/msea.v71i4.1273
https://doi.org/10.1051/ro/2022068
http://dx.doi.org/10.5267/j.ijiec.2013.05.001
https://doi.org/10.1016/j.jclepro.2020.120268

Singh et al.
19. Nayak, D. K., Paikray, S. K., & Sahoo, A. K. A Fuzzy Inventory Model of Deteriorating Items with

Time-Dependent Demand Under Permissible Delay in Payment. In International Conference on Applied

Nonlinear Analysis and Soft Computing. Singapore: Springer Nature Singapore 77-106 (2020)

20. Padiyar, S. V. S., Vandana, Singh, S. R., Singh, D., Sarkar, M., Dey, B.K., and Sarkar, B. Three-
Echelon supply chain management with deteriorated products under the effect of

inflation. Mathematics 11 (1), 104 (2022). https://doi.org/10.3390/math11010104

21. Park, Kyung S. Fuzzy-set theoretic interpretation of economic order quantity. /EEE Transactions on

systems, Man, and Cybernetics 17 (6), 1082-1084 (1987).

22. Paul, A., Pervin, M., Roy, S.K., Maculan, N. and Weber, G.W. A green inventory model with the
effect of carbon taxation. Annals of Operations Research 309 (1), 233-248 (2022).
https://doi.org/10.1007/s10479-021-04143-8

23. Priyan, S., and P. Manivannan. Optimal inventory modeling of supply chain system involving quality

inspection errors and fuzzy defective rate. Opsearch 54, 21-43 (2017).

24. Sett, B. Kumar, Biswajit Sarkar, and A. Goswami. A two-warehouse inventory model with increasing

demand and time varying deterioration. Scientia Iranica 19 (6), 1969-1977 (2012).

25. Shabani, S., Mirzazadeh, A. and Sharifi, E. A two-warehouse inventory model with fuzzy deterioration
rate and fuzzy demand rate under conditionally permissible delay in payment. Journal of Industrial and

Production Engineering 33 (2), 134-142 (2016).

26. Sharma, R. S. A., and Rathore, H. An inventory model for deteriorating items with hybrid type demand
and return in preservation technology investment. Proceedings of the Indian National Science Academy 1-

6 (2024).

27. Sharma, S., and Singh, S.R. An inventory model for decaying items, considering multi variate
consumption rate with partial backlogging. Indian Journal of Science and Technology 6 (7), 4870-4880
(2013). https://doi.org/10.17485/ijst/2013/v6i7.7

28. Sharma, S., Singh, S. and Singh, S.R. An inventory model for deteriorating items with expiry date and
time varying holding cost. International Journal of Procurement Management 11 (5), 650-666 (2018).

29. Shee, Srabani, and Tripti Chakrabarti. A fuzzy two-echelon supply chain model for deteriorating items
with time varying holding cost involving lead time as a decision variable. Optimization and Inventory

Management 391-406 (2020).

Braz. J. Biom., v.44, e-44823,2026. 19


https://doi.org/10.3390/math11010104
https://doi.org/10.1007/s10479-021-04143-8
https://doi.org/10.17485/ijst/2013/v6i7.7

Singh et al.
30. Singh, Chaman, and S. R. Singh. Optimal ordering policy for deteriorating items with power-form stock

dependent demand under two-warehouse storage facility. Opsearch 50 182-196 (2013).

31. Singh, D., Singh, S.R. and Rani, M. Impact of Preservation Technology Investment and Order Cost
Reduction on an Inventory Model Under Different Carbon Emission Policies. In Data Analytics and
Artificial Intelligence for Inventory and Supply Chain Management, 225-247. Singapore: Springer Nature
Singapore, (2022). https://doi.org/10.1007/978-981-19-6337-7 13

32. Singh, S., Singh, S.R., and Sharma, S. A partially backlogged EPQ model with demand dependent
production and non-instantaneous deterioration. International Journal of Mathematics in Operational

Research 10 (2), 211-228 (2017).

33. Singh, S., Sharma, S. and Singh, S.R. Inventory model for deteriorating items with incremental holding
cost under partial backlogging. International Journal of Mathematics in Operational Research 15 (1), 110-
126 (2019). https://doi.org/10.1504/IIMOR.2019.10022834

34. Tiwari, S., Ahmed, W. and Sarkar, B. Sustainable ordering policies for non-instantaneous deteriorating
items under carbon emission and multi-trade-credit-policies. Journal of Cleaner Production 240 118183

(2019).

35. Yao, J. S., and Lee, H.M. Fuzzy inventory with or without backorder for fuzzy order quantity with
trapezoid fuzzy number. Fuzzy sets and systems 105, 311-337 (1999).

20 Braz. J. Biom.,v.44, e-44823, 2026.


https://doi.org/10.1007/978-981-19-6337-7_13
https://doi.org/10.1504/IJMOR.2019.10022834

